
StringPheno  2022

The remarkable Tameness of  
String Effective Actions

Thomas W. Grimm
Utrecht University 

 

Based on:     
2112.06995    with  Ben Bakker, Christian Schnell, Jacob Tsimerman
2112.08383    Tameness Conjecture 
2206.00697    with Stefano Lanza, Chongchuo Li 
220n.nnnn     with  Mike Douglas, Lorenz Schlechter



Introduction

3



  Mathematics is wild

1

➡ Analysis:   topologies and maps can be involved
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1

➡ Analysis:   topologies and maps can be involved
→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)
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➡ Analysis:   topologies and maps can be involved

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)

0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0



  Mathematics is wild

1

➡ Analysis:   topologies and maps can be involved

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)
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➡ Logic:   Gödel’s first incompleteness theorem                            
→  there are statements that are undecidable
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➡ Analysis:   topologies and maps can be involved

Physics is more tame, isn’t it?

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

<latexit sha1_base64="GaUBiivDltD4474wqq7ie39qv50=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIySXuSlAvQtCLxwjmAUkIs5PZZHB2dpnplcQl+CtePCji1f/w5t84SfagiQUNRVU33V1eJLgGx/m2MkvLK6tr2fXcxubW9o69u1fXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4d1fT/zGA1Oah/IORhHrBKQvuc8pASN17QO/MCxetoENIdFcjgvuybDYtfNOyZkCLxI3JXmUotq1v9q9kMYBk0AF0brlOhF0EqKAU8HGuXasWUToPemzlqGSBEx3kun1Y3xslB72Q2VKAp6qvycSEmg9CjzTGRAY6HlvIv7ntWLwLzoJl1EMTNLZIj8WGEI8iQL3uGIUxMgQQhU3t2I6IIpQMIHlTAju/MuLpH5acs9K5dtyvnKVxpFFh+gIFZCLzlEF3aAqqiGKHtEzekVv1pP1Yr1bH7PWjJXO7KM/sD5/AD44lHQ=</latexit>

f(x) = sin(1/x)
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➡ Logic:   Gödel’s first incompleteness theorem                            
→  there are statements that are undecidable
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➡ Analysis:   topologies and maps can be involved

What is a good Tameness Principle?

‣ common feature:   no proper graphical representation

→  complicated sets:  Cantor sets, …

→  complicated functions:  
<latexit sha1_base64="rr7azOry14re72K/Q+OsKLi/Iww=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IpV48VrAf0ISy2W7apZtN3N0US+jv8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHtzG+PqVQsEg96ElMvxAPBAkawNpIXlJ/O0Q1y62zgpr1iya7Yc6BV4mSkBBkaveKX249IElKhCcdKdR071l6KpWaE02nBTRSNMRnhAe0aKnBIlZfOj56iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xuooNrL2UiTjQVZLEoSDjSEZolgPpMUqL5xBBMJDO3IjLEEhNtciqYEJzll1dJ66LiXFaq99VSrZ7FkYcTOIUyOHAFNbiDBjSBwCM8wyu8WWPrxXq3PhatOSubOYY/sD5/AP1tkPY=</latexit>

f(x) =
n <latexit sha1_base64="IkLFECqWAQWWnmyhegmXoaYSzm0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoAsYKFsYi0YfURpXjOq1Vx4nsG9Qq6sDCr7AwgBArH8HG3+CmGaDlWL46Oude2ff4seAaHOfbKqytb2xuFbdLO7t7+wf24VFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++mfvtB6Y0j+Q9TGPmhWQoecApASP17bLTw4szMQXYBFKVWUTM+nbFqToZ8Cpxc1JBORp9+6s3iGgSMglUEK27rhODlxIFnAo2K/USzWJCx2TIuoZKEjLtpdkSM3xqlAEOImWuBJypvydSEmo9DX3TGRIY6WVvLv7ndRMIrryUyzgBJunioSARGCI8TwQPuGIUxNQQQhU3f8V0RBShYHIrmRDc5ZVXSeu86l5Ua3e1Sv06j6OIyugEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PhatBSufOUZ/YH3+AEtOl0k=</latexit>

0 x rational
<latexit sha1_base64="qAyH7virBbUvvUDVmbB0pSkzcVM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxIUZdFNy4r2Ae0Q8mkmTY0kxmSO9IydOXGX3HjQhG3foM7/8Z0OgttPSGXwzn3ktzjx4JrcJxvq7Cyura+UdwsbW3v7O7Z+wdNHSWKsgaNRKTaPtFMcMkawEGwdqwYCX3BWv7oZua3HpjSPJL3MImZF5KB5AGnBIzUs4/dLp6fsSnAxpBypTKTiGnPLjsVJwNeJm5OyihHvWd/dfsRTUImgQqidcd1YvBSooBTwaalbqJZTOiIDFjHUElCpr00W2OKT43Sx0GkzJWAM/X3REpCrSehbzpDAkO96M3E/7xOAsGVl3IZJ8AknT8UJAJDhGeZ4D5XjIKYGEKo4uavmA6JIhRMciUTgru48jJpnlfci0r1rlquXedxFNEROkFnyEWXqIZuUR01EEWP6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz/21Zg5</latexit>

1 x irrational

➡ Logic:   Gödel’s first incompleteness theorem                            
→  there are statements that are undecidable

0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.5

1.0
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Finiteness criterion seems to be a yes/no-criterion: 
Can we turn finiteness into a structural criterion?
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(1)  Observe that effective theories derived from string  
       theory that are valid below a fixed finite energy scale  
       have tame coupling functions, field spaces, and  
       parameter spaces.

(2)  Tame effective theories/QFTs remain tame when  
      including perturbative corrections up to a fixed loop level.
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Coupling functions depend on:  parameters              , scalar fields             
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A brief introduction to o-minimal structures
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‣ Are there interesting extensions of this simplest structure?

➡ Logic:  theory of o-minimal structures comes from model theory                                                                                                          
‣ built theory with polynomial equalities and inequalities over   

(with ordering “>”) that has only decidable statements  
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Recent lectures: Jacob Tsimerman (2021 Princeton lectures, 2022 Fields institute)

→ give a generalization of real algebraic geometry  
intro book [van den Dries] 

➡ Resulting picture:   → o-minimal structures define a tame topology  

→ strong finiteness properties 

‣ Are there interesting extensions of this simplest structure?

➡ Logic:  theory of o-minimal structures comes from model theory                                                                                                          
‣ built theory with polynomial equalities and inequalities over   
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➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 

<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ tame manifolds, tame bundles,… a whole tame geometry 

<latexit sha1_base64="uadnj6m+ByJq0e5AqlMRhkzQ70c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXy0cxi6gs8lixkBJtMehhKNKzW3LqbA60SryA1KNAaVr8Go4gkgkpDONa677mx8VOsDCOcziuDRNMYkyke076lEguq/TS/dY7OrDJCYaRsSYNy9fdEioXWMxHYToHNRC97mfif109MeO2nTMaJoZIsFoUJRyZC2eNoxBQlhs8swUQxeysiE6wwMTaeig3BW355lXQu6t5lvXHfqDVvijjKcAKncA4eXEET7qAFbSAwgWd4hTdHOC/Ou/OxaC05xcwx/IHz+QOJPI3r</latexit>

Sn
<latexit sha1_base64="8FWK5aqiC3buROPH2ZYCjECYmow=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVMBZYGAuiD6kJle06rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDnSlY7OuVf33oNjzpR2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSiShTRLxSHYwUpQzQZuaaU47saQoxJy28egq89sPVCoWiTs9jqkfooFgASNIG6lnH3gh0kOCeHoxgZ5KsKIa5hrG6e3kXsCeXXGqTg44T9yCVECBRs/+8voRSUIqNOFIqa7rxNpPkdSMcDope4miMSIjNKBdQwUKqfLT/JUJPDJKHwaRNCU0zNXfEykKlRqH2HRmR6pZLxP/87qJDs79lIk40VSQ6aIg4VBHMMsF9pmkRPOxIYhIZm6FZIgkItqkVzYhuLMvz5PWSdU9rdZuapX6ZRFHCeyDQ3AMXHAG6uAaNEATEPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdAHZqf</latexit>

A ⇢ Rn



  Tame topology:  o-minimal structures

7

➡ Sets should define ‘a structure’ (logic):  
‣ finite unions, intersections, complements and products of tame sets 

are tame sets     (logical operation… ‘and’, ‘or’, etc.)

➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 
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A ⇢ Rn
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7

➡ Sets should define ‘a structure’ (logic):  
‣ finite unions, intersections, complements and products of tame sets 

are tame sets     (logical operation… ‘and’, ‘or’, etc.)

➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 

<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ tame manifolds, tame bundles,… a whole tame geometry 

<latexit sha1_base64="uadnj6m+ByJq0e5AqlMRhkzQ70c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXy0cxi6gs8lixkBJtMehhKNKzW3LqbA60SryA1KNAaVr8Go4gkgkpDONa677mx8VOsDCOcziuDRNMYkyke076lEguq/TS/dY7OrDJCYaRsSYNy9fdEioXWMxHYToHNRC97mfif109MeO2nTMaJoZIsFoUJRyZC2eNoxBQlhs8swUQxeysiE6wwMTaeig3BW355lXQu6t5lvXHfqDVvijjKcAKncA4eXEET7qAFbSAwgWd4hTdHOC/Ou/OxaC05xcwx/IHz+QOJPI3r</latexit>

Sn
<latexit sha1_base64="8FWK5aqiC3buROPH2ZYCjECYmow=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVMBZYGAuiD6kJle06rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDnSlY7OuVf33oNjzpR2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSiShTRLxSHYwUpQzQZuaaU47saQoxJy28egq89sPVCoWiTs9jqkfooFgASNIG6lnH3gh0kOCeHoxgZ5KsKIa5hrG6e3kXsCeXXGqTg44T9yCVECBRs/+8voRSUIqNOFIqa7rxNpPkdSMcDope4miMSIjNKBdQwUKqfLT/JUJPDJKHwaRNCU0zNXfEykKlRqH2HRmR6pZLxP/87qJDs79lIk40VSQ6aIg4VBHMMsF9pmkRPOxIYhIZm6FZIgkItqkVzYhuLMvz5PWSdU9rdZuapX6ZRFHCeyDQ3AMXHAG6uAaNEATEPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdAHZqf</latexit>

A ⇢ Rn

‣ linear projections of tame sets should be tame sets  (‘∃’)
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7

➡ Sets should define ‘a structure’ (logic):  
‣ finite unions, intersections, complements and products of tame sets 

are tame sets     (logical operation… ‘and’, ‘or’, etc.)

‣ sets defined by polynomials included (algebraic sets)

➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 

<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ tame manifolds, tame bundles,… a whole tame geometry 

<latexit sha1_base64="uadnj6m+ByJq0e5AqlMRhkzQ70c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXy0cxi6gs8lixkBJtMehhKNKzW3LqbA60SryA1KNAaVr8Go4gkgkpDONa677mx8VOsDCOcziuDRNMYkyke076lEguq/TS/dY7OrDJCYaRsSYNy9fdEioXWMxHYToHNRC97mfif109MeO2nTMaJoZIsFoUJRyZC2eNoxBQlhs8swUQxeysiE6wwMTaeig3BW355lXQu6t5lvXHfqDVvijjKcAKncA4eXEET7qAFbSAwgWd4hTdHOC/Ou/OxaC05xcwx/IHz+QOJPI3r</latexit>

Sn
<latexit sha1_base64="8FWK5aqiC3buROPH2ZYCjECYmow=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVMBZYGAuiD6kJle06rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDnSlY7OuVf33oNjzpR2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSiShTRLxSHYwUpQzQZuaaU47saQoxJy28egq89sPVCoWiTs9jqkfooFgASNIG6lnH3gh0kOCeHoxgZ5KsKIa5hrG6e3kXsCeXXGqTg44T9yCVECBRs/+8voRSUIqNOFIqa7rxNpPkdSMcDope4miMSIjNKBdQwUKqfLT/JUJPDJKHwaRNCU0zNXfEykKlRqH2HRmR6pZLxP/87qJDs79lIk40VSQ6aIg4VBHMMsF9pmkRPOxIYhIZm6FZIgkItqkVzYhuLMvz5PWSdU9rdZuapX6ZRFHCeyDQ3AMXHAG6uAaNEATEPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdAHZqf</latexit>

A ⇢ Rn

‣ linear projections of tame sets should be tame sets  (‘∃’)
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➡ Sets should define ‘a structure’ (logic):  
‣ finite unions, intersections, complements and products of tame sets 

are tame sets     (logical operation… ‘and’, ‘or’, etc.)

‣ sets defined by polynomials included (algebraic sets)

➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 

<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ tame manifolds, tame bundles,… a whole tame geometry 

<latexit sha1_base64="uadnj6m+ByJq0e5AqlMRhkzQ70c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXy0cxi6gs8lixkBJtMehhKNKzW3LqbA60SryA1KNAaVr8Go4gkgkpDONa677mx8VOsDCOcziuDRNMYkyke076lEguq/TS/dY7OrDJCYaRsSYNy9fdEioXWMxHYToHNRC97mfif109MeO2nTMaJoZIsFoUJRyZC2eNoxBQlhs8swUQxeysiE6wwMTaeig3BW355lXQu6t5lvXHfqDVvijjKcAKncA4eXEET7qAFbSAwgWd4hTdHOC/Ou/OxaC05xcwx/IHz+QOJPI3r</latexit>

Sn
<latexit sha1_base64="8FWK5aqiC3buROPH2ZYCjECYmow=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVMBZYGAuiD6kJle06rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDnSlY7OuVf33oNjzpR2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSiShTRLxSHYwUpQzQZuaaU47saQoxJy28egq89sPVCoWiTs9jqkfooFgASNIG6lnH3gh0kOCeHoxgZ5KsKIa5hrG6e3kXsCeXXGqTg44T9yCVECBRs/+8voRSUIqNOFIqa7rxNpPkdSMcDope4miMSIjNKBdQwUKqfLT/JUJPDJKHwaRNCU0zNXfEykKlRqH2HRmR6pZLxP/87qJDs79lIk40VSQ6aIg4VBHMMsF9pmkRPOxIYhIZm6FZIgkItqkVzYhuLMvz5PWSdU9rdZuapX6ZRFHCeyDQ3AMXHAG6uAaNEATEPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdAHZqf</latexit>

A ⇢ Rn

‣ linear projections of tame sets should be tame sets  (‘∃’)

Tameness assumption:   tame sets        of        are finite unions  
                                           of intervals and points 

<latexit sha1_base64="SjINRKQZRyTsCjrmIx8Td4lxDVE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPS9frniVt05yCrxclKBHPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVvXy4rNRu8ziKcAKncA4eXEMN7qEOTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPWMY2E</latexit>

S1
<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R

➡ O-minimal structure (a ‘tame structure’):  
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➡ Sets should define ‘a structure’ (logic):  
‣ finite unions, intersections, complements and products of tame sets 

are tame sets     (logical operation… ‘and’, ‘or’, etc.)

‣ sets defined by polynomials included (algebraic sets)

➡ Basic idea:  specify collection        of tame sets              
and allowed tame functions 

<latexit sha1_base64="HtcR7vXvA/N7OOD7iYVEnWlWUX4=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIAWKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntaPbk5Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8sEnag=</latexit>

f : Rn ! Rm

→ tame manifolds, tame bundles,… a whole tame geometry 

<latexit sha1_base64="uadnj6m+ByJq0e5AqlMRhkzQ70c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXy0cxi6gs8lixkBJtMehhKNKzW3LqbA60SryA1KNAaVr8Go4gkgkpDONa677mx8VOsDCOcziuDRNMYkyke076lEguq/TS/dY7OrDJCYaRsSYNy9fdEioXWMxHYToHNRC97mfif109MeO2nTMaJoZIsFoUJRyZC2eNoxBQlhs8swUQxeysiE6wwMTaeig3BW355lXQu6t5lvXHfqDVvijjKcAKncA4eXEET7qAFbSAwgWd4hTdHOC/Ou/OxaC05xcwx/IHz+QOJPI3r</latexit>

Sn
<latexit sha1_base64="8FWK5aqiC3buROPH2ZYCjECYmow=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVMBZYGAuiD6kJle06rVXHiWwHqYo6s/ArLAwgxMoXsPE3OGkGaDnSlY7OuVf33oNjzpR2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSiShTRLxSHYwUpQzQZuaaU47saQoxJy28egq89sPVCoWiTs9jqkfooFgASNIG6lnH3gh0kOCeHoxgZ5KsKIa5hrG6e3kXsCeXXGqTg44T9yCVECBRs/+8voRSUIqNOFIqa7rxNpPkdSMcDope4miMSIjNKBdQwUKqfLT/JUJPDJKHwaRNCU0zNXfEykKlRqH2HRmR6pZLxP/87qJDs79lIk40VSQ6aIg4VBHMMsF9pmkRPOxIYhIZm6FZIgkItqkVzYhuLMvz5PWSdU9rdZuapX6ZRFHCeyDQ3AMXHAG6uAaNEATEPAInsEreLOerBfr3fqYti5Yxcwe+APr8wdAHZqf</latexit>

A ⇢ Rn

‣ linear projections of tame sets should be tame sets  (‘∃’)

finitely many points/intervals

infinitely long intervals  

whole real line

Tameness assumption:   tame sets in    
<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R
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➡ tame functions: are those whose graph is a tame set
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➡ tame functions: are those whose graph is a tame set
Non-Example:    
is never a tame function

<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 RExample: polynomial function
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➡ tame functions: are those whose graph is a tame set
Non-Example:    
is never a tame function

<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 RExample: polynomial function

Theorem: tame split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R <latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f
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➡ tame functions: are those whose graph is a tame set
Non-Example:    
is never a tame function

<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 RExample: polynomial function

Theorem: tame split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R <latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

(1) finitely many minima and maxima;  (2) tame tail to infinity
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<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn



  Examples of o-minimal structures

➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Some important examples:

‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn



  Examples of o-minimal structures

➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Some important examples:

‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

[Wilkie ’96]
‣              plus exponential function:

<latexit sha1_base64="LHzv05S1OhjwDX6hZk5yARohCVI="></latexit>

P (x1, ..., xn, e
x1 , ..., exn) = 0
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➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  
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9

➡ Some important examples:

‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

[Wilkie ’96]
‣              plus exponential function:

<latexit sha1_base64="LHzv05S1OhjwDX6hZk5yARohCVI="></latexit>

P (x1, ..., xn, e
x1 , ..., exn) = 0

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp
[van den Dries,  
  Miller ’94]

‣              plus  restricted real analytic functions:             
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp
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➡ Sets in                   given by finitely many equalities and inequalities:

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0



  Examples of o-minimal structures

➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Sets in                   given by finitely many equalities and inequalities:

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

polynomial

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0



  Examples of o-minimal structures

➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Sets in                   given by finitely many equalities and inequalities:

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

polynomial exponential

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0
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➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Sets in                   given by finitely many equalities and inequalities:

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

polynomial exponential restricted analytic

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0
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➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

➡ Sets in                   given by finitely many equalities and inequalities:

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

polynomial exponential restricted analytic

needed for tameness  
of complex exponential: 

<latexit sha1_base64="/QItGJ8zTzYC0nK0QadX1OSRXSo=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZdOOygr1AE8pkOmmHTiZxZqKU2Edx40IRtz6JO9/GaZqFtv4w8PGfczhn/iDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/P6p0HKhWLxZ2eJNSP8FCwkBGsjdW3q47H6T3ykhFDOZG+XXPqTi60DG4BNSjU7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTqcVL1U0wWSMh7RnUOCIKj/LT5+iY+MMUBhL84RGuft7IsORUpMoMJ0R1iO1WJuZ/9V6qQ4v/YyJJNVUkPmiMOVIx2iWAxowSYnmEwOYSGZuRWSEJSbapFUxIbiLX16G9mndPa+f3Z7VGldFHGU4hCM4ARcuoAE30IQWEHiEZ3iFN+vJerHerY95a8kqZg7gj6zPH/Jskyo=</latexit>

0  �  c
<latexit sha1_base64="ps6Y4KK82D9ZcsM+TcwJzMY9/3s="></latexit>

ez = er(cos(�) + i sin(�))

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0
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➡ Note: there is no unique choice of o-minimal structure on         :
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

9

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

polynomial exponential restricted analytic

<latexit sha1_base64="Dq/hcJaOm3ZmpbK635Hm1pa0pyc="></latexit>

Pk(x1, ..., xn, e
x1 , ..., exn , f1(x), ..., fm(x)) = 0

P̃l(x1, ..., xn, e
x1 , ..., exn , f̃1(x), ..., f̃m(x)) > 0

➡ Sets in                   given by finitely many equalities and inequalities:
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

not tame in               :       
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="7GY1v0tLZ8RvaYdzm2BnY7f0toU="></latexit>

�(x) on (0,1); ⇣(x) on (1,1); error function
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‣ exists finite cell decomposition

• For n = 1, i.e. R, the cells are obtained by a decomposition (3.2) of the interval (�1,1).
They consist of the points {ak} for 0 < k < m, and the open intervals (ak, ak+1) for
0  k < m. We depict such a decomposition in figure 4.

Figure 4: A definable cylindrical cell decomposition of R.

a1 a2 a3 a4

• In general, for n > 0, we write Rn = Rn�1
⇥R. Now we can assume that we have a definable

cylindrical cell decomposition {D↵} for Rn�1. For each cell D↵ we now have an integer
m↵ > 0 and definable continuous functions f (↵)

k : D↵ ! R for 0 < k < m↵ such that

�1 =: f (↵)
0 < f (↵)

1 < . . . < f (↵)
m↵�1 < f (↵)

m↵
:= 1 , (3.3)

where the inequalities are meant to hold on all of D↵. Having such a set of functions the
cells in Rn are:
(1) graphs of the functions, i.e. {(x, f (↵)

k (x)) ⇢ Rn : x 2 D↵} for each D↵;
(2) bands between the functions, i.e. {(x, y) ⇢ Rn : x 2 D↵, y in interval (f (↵)

k (x), f (↵)
k+1(x))}.

Due to its iterative nature, the definition of a definable cylindrical cell decomposition uses an
ordering of the coordinates. The arising cells are thus admitting special directions along which
there is a simple projection to a low-dimensional cell decomposition. We illustrate this in figure
5, where we depict a definable cylindrical cell decomposition of R2 build from the decomposition
of R depicted in figure 4.

Figure 5: A definable cylindrical cell decomposition of R2 build from the decomposition in
figure 4. The new R2-cells are graphs and bands of definable functions on the R-cells. The new
cells over the open intervals (a1, a2), ..., (a3, a4) are shown in purple, while the new cells over
the points a1, ..., a4 are shown in green. We have coloured all cells stretching to ±1 in grey.

a1 a2 a3 a4

15



  There is much more to say:
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➡ Tameness used in many recent proofs of deep mathematics conjectures:
‣ Ax-Schanuel conjecture for Hodge structures    [Bakker,Tsimerman ’17]

‣ Griffiths’ conjecture [Bakker,Brunebarbe,Tsimerman ‘18] 
‣ André-Oort conjecture [Pila,Shankar,Tsimerman ‘21]  

 
→ very active field connecting logic, number theory, and geometry

‣ exists finite cell decomposition

• For n = 1, i.e. R, the cells are obtained by a decomposition (3.2) of the interval (�1,1).
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(1) graphs of the functions, i.e. {(x, f (↵)
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ordering of the coordinates. The arising cells are thus admitting special directions along which
there is a simple projection to a low-dimensional cell decomposition. We illustrate this in figure
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of R depicted in figure 4.
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<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

➡ Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1
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<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of tame function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1



   Tameness at work

➡ Tameness statement:           field space        tame manifold 
                                                potential                     tame function

11

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of tame function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1
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<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

➡ Rule out ‘wild’ potentials:  

<latexit sha1_base64="RyeIPPoqBnJ3ggmTTxyX4t0DUEM=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WhnocevEiTHBusJaSZukWlqQlSQejFPwqXjwo4tXP4c1vY7r1oJsPAo/3fj9+Ly9MGFXacb6tysrq2vpGdbO2tb2zu2fvHzyqOJWYdHDMYtkLkSKMCtLRVDPSSyRBPGSkG45vCr87IVLRWDzoaUJ8joaCRhQjbaTAPvI40iOMWHaXB5knOZwgnAd23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dksfg5PjTKAUSzNExrO1N8bGeJKTXloJouwatErxP+8fqqjKz+jIkk1EXh+KEoZ1DEsuoADKgnWbGoIwpKarBCPkERYm8ZqpgR38cvL5PG84V40mvfNeuu6rKMKjsEJOAMuuAQtcAvaoAMwyMAzeAVv1pP1Yr1bH/PRilXuHII/sD5/AKBule0=</latexit>

Mvac

consider potential s.t. vacuum locus is  
an infinitely long spiral to the center

<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of tame function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1

Tameness preserved at quantum level?
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<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

➡ Rule out ‘wild’ potentials:  

<latexit sha1_base64="RyeIPPoqBnJ3ggmTTxyX4t0DUEM=">AAAB/nicbVBPS8MwHE3nvzn/VcWTl+AQPI1WhnocevEiTHBusJaSZukWlqQlSQejFPwqXjwo4tXP4c1vY7r1oJsPAo/3fj9+Ly9MGFXacb6tysrq2vpGdbO2tb2zu2fvHzyqOJWYdHDMYtkLkSKMCtLRVDPSSyRBPGSkG45vCr87IVLRWDzoaUJ8joaCRhQjbaTAPvI40iOMWHaXB5knOZwgnAd23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dksfg5PjTKAUSzNExrO1N8bGeJKTXloJouwatErxP+8fqqjKz+jIkk1EXh+KEoZ1DEsuoADKgnWbGoIwpKarBCPkERYm8ZqpgR38cvL5PG84V40mvfNeuu6rKMKjsEJOAMuuAQtcAvaoAMwyMAzeAVv1pP1Yr1bH/PRilXuHII/sD5/AKBule0=</latexit>

Mvac

consider potential s.t. vacuum locus is  
an infinitely long spiral to the center

linear project with infinitely many points

→  cannot be tame, V not definable 

<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of tame function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of tame spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1
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➡ Rule out ‘wild’ potentials:  
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V infinitely many vacua not  
compatible with tameness 

➡ Tameness statement:           field space        tame manifold 
                                                potential                     tame function

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of definable function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of definable spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1
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➡ Rule out ‘wild’ potentials:  
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V infinitely many vacua not  
compatible with tameness 

many functions do not appear:
<latexit sha1_base64="IBnRQqegElu/QsfBjNilwQexSLc=">AAACKXicbVDNS8MwHE39nPOr6tFLcAjbwdGq6C7C0IvHCe4D1jrSLNvC0rRLUmGU/Tte/Fe8KCjq1X/EtOthbj4IvLz3fiS/54WMSmVZX8bS8srq2npuI7+5tb2za+7tN2QQCUzqOGCBaHlIEkY5qSuqGGmFgiDfY6TpDW8Sv/lIhKQBv1fjkLg+6nPaoxgpLXXMaqPohANaglfQkZSnl4f4xJ6UnNEoQl044ydWZT7WMQtW2UoBF4mdkQLIUOuYb043wJFPuMIMSdm2rVC5MRKKYkYmeSeSJER4iPqkrSlHPpFunG46gcda6cJeIPThCqbq7ESMfCnHvqeTPlIDOe8l4n9eO1K9ihtTHkaKcDx9qBcxqAKY1Aa7VBCs2FgThAXVf4V4gATCSpeb1yXY8ysvksZp2b4on92dF6rXWR05cAiOQBHY4BJUwS2ogTrA4Am8gHfwYTwbr8an8T2NLhnZzAH4A+PnFzaXpDA=</latexit>

V (�) = sin(��1) V (�) = �8 sin(��1)

discussed by [Acharya,Douglas]→ no accumulation points of vacua

➡ Tameness statement:           field space        tame manifold 
                                                potential                     tame function

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of definable function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of definable spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1



   Tameness at work

11

➡ Rule out ‘wild’ potentials:  
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V infinitely many vacua not  
compatible with tameness 

recent suggestion by [Tachikawa] of QFT with scalar potential 
and undecidable statements is not tame

➡ Tameness statement:           field space        tame manifold 
                                                potential                     tame function

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="dIPZgJpPCPZIY+WAUA1FXKyDH6Y=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSirosunFZwT6gDWEynbZDJ5MwMymU0D9x40IRt/6JO//GaZqFth643MM59zJ3ThBzprTjfFuFjc2t7Z3ibmlv/+DwyD4+aasokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNwv/M6USsUi8aRnMfVCPBJsyAjWRvJtu13px2Pmu1dZq136dtmpOhnQOnFzUoYcTd/+6g8ikoRUaMKxUj3XibWXYqkZ4XRe6ieKxphM8Ij2DBU4pMpLs8vn6MIoAzSMpCmhUab+3khxqNQsDMxkiPVYrXoL8T+vl+jhrZcyESeaCrJ8aJhwpCO0iAENmKRE85khmEhmbkVkjCUm2oRVMiG4q19eJ+1a1b2u1h/r5cZdHkcRzuAcKuDCDTTgAZrQAgJTeIZXeLNS68V6tz6WowUr3zmFP7A+fwDXhZKC</latexit>

V (�1,�2)

→  tameness classically preserved when lowering cut-off

→  projection of definable function
<latexit sha1_base64="wf+eKhJyR7B/+MNUbIaYSsOttiU=">AAACJ3icbVBdS8MwFE39nPOr6qMvwSFsMEY7hvokQ198nOA+YC0lzbItLE1Lkiqj7N/44l/xRVARffSfmLV90M0LIeeecy7JPX7EqFSW9WWsrK6tb2wWtorbO7t7++bBYUeGscCkjUMWip6PJGGUk7aiipFeJAgKfEa6/uR6rnfviZA05HdqGhE3QCNOhxQjpSnPvOyUnWhMPbuaXvUKdAQdjRUSInyAWmSIjxiBmckRaVfN2jqseGbJqllpwWVg56AE8mp55qszCHEcEK4wQ1L2bStSboKEopiRWdGJJYkQnqAR6WvIUUCkm6R7zuCpZgZwGAp9uIIp+3siQYGU08DXzgCpsVzU5uR/Wj9Wwws3oTyKFeE4e2gYM6hCOA8NDqggWLGpBggLqv8K8RgJhJWOtqhDsBdXXgades0+qzVuG6XmVR5HARyDE1AGNjgHTXADWqANMHgEz+ANvBtPxovxYXxm1hUjnzkCf8r4/gFXvKRl</latexit>

V (�1,�2) ! V (h�1i,�2)

➡ Integrate out  
heavy       :  

→  intersection of definable spaces
<latexit sha1_base64="XyUyxZyLhh7sr4oLBqIL9TPh1Cw="></latexit>

Mvac =
n @V

@�1
= 0

o
\ M

<latexit sha1_base64="atwBTWaewmruY30kSfX/vOndlS0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeN/vlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz40juw=</latexit>

�1



Tameness Conjecture

12



  A new swampland conjecture

13

All effective theories valid below a fixed finite energy  
cut-off scale that can be consistently coupled to quantum  
gravity are labelled by a tame parameter space and  
must have scalar field spaces and coupling functions that  
are tame in an o-minimal structure.        

Tameness conjecture:

[TG] ‘21



  A new swampland conjecture

13

All effective theories valid below a fixed finite energy  
cut-off scale that can be consistently coupled to quantum  
gravity are labelled by a tame parameter space and  
must have scalar field spaces and coupling functions that  
are tame in an o-minimal structure.        

Tameness conjecture:

The relevant o-minimal structure is               . 
Refined version:

<latexit sha1_base64="biiPjzPd5sKRFZo8uPXCOLslol0="></latexit>Ran,exp

[TG] ‘21



Evidence for Tameness: 
Supersymmetry + Strings

14



  Tameness and supersymmetry:   N > 2

15

<latexit sha1_base64="WS6QFOisbwwXX3nzE3oZ9Q3g5CQ="></latexit>

M = �\G/K

➡ Supergravity theories with N>2 supersymmetry in D≧4:

(1)  scalar field spaces: 
is discrete symmetry group that is gauged

<latexit sha1_base64="t8weL881JgI+xxpEpxZbGomZt5c="></latexit>

�⇢ GZ



  Tameness and supersymmetry:   N > 2

15

 
seminal paper by [Bakker,Klingler,Tsimerman] ’18 

            ⟹ tame in             if       sufficiently large (‘algebraic’, e.g.               )
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="nGTrbRkHSt/o6kBdiRfWJ6tFbUg=">AAACGHicbZDLSgMxFIYz9VbrbdSlm8EiuJCalNLLruhClxXsBWaGkknTNjSZGZKMUIY+hhtfxY0LRdx259uYXhba+kPg4z/nJCd/EHOmNITfVmZjc2t7J7ub29s/ODyyj09aKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5Gt7N6+4lKxaLwUY9j6gs8CFmfEayN1bWvU29+iSsHgZ/CAoQQIXQ1A1QpQwO1WrWIqhPvDguBJ107P28yctYBLSEPlmp07anXi0giaKgJx0q5CMbaT7HUjHA6yXmJojEmIzygrsEQC6r8dL7TxLkwTs/pR9KcUDtz9/dEioVSYxGYToH1UK3WZuZ/NTfR/aqfsjBONA3J4qF+wh0dObOUnB6TlGg+NoCJZGZXhwyxxESbLHMmBLT65XVoFQuoXCg9lPL1m2UcWXAGzsElQKAC6uAeNEATEPAMXsE7+LBerDfr0/patGas5cwp+CNr+gNQGpwv</latexit>

�
<latexit sha1_base64="/N4nDVtT/kskJYYD/8i6sOblyME=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEiroRii7qsoJ9YBPCZDpph85MwsxEKCEbf8WNC0Xc+hnu/BsnbRfaeuDC4Zx7ufeeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/reJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44uin8ziORisbiXo8T4nM0EDSiGGkjBfah10CcI3gFG0HmcaSHYZg95HlgV5yqMwFcJO6MVMAMzcD+8voxTjkRGjOkVM91Eu1nSGqKGcnLXqpIgvAIDUjPUIE4UX42eSCHJ0bpwyiWpoSGE/X3RIa4UmMems7iRDXvFeJ/Xi/V0aWfUZGkmgg8XRSlDOoYFmnAPpUEazY2BGFJza0QD5FEWJvMyiYEd/7lRdI+q7rn1dpdrVK/nsVRAkfgGJwCF1yAOrgFTdACGOTgGbyCN+vJerHerY9p65I1mzkAf2B9/gADgpYQ</latexit>

� = GZ

<latexit sha1_base64="WS6QFOisbwwXX3nzE3oZ9Q3g5CQ="></latexit>

M = �\G/K

➡ Supergravity theories with N>2 supersymmetry in D≧4:

(1)  scalar field spaces: 
is discrete symmetry group that is gauged

<latexit sha1_base64="t8weL881JgI+xxpEpxZbGomZt5c="></latexit>

�⇢ GZ



  Tameness and supersymmetry:   N > 2

15

 
seminal paper by [Bakker,Klingler,Tsimerman] ’18 

            ⟹ tame in             if       sufficiently large (‘algebraic’, e.g.               )
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="nGTrbRkHSt/o6kBdiRfWJ6tFbUg=">AAACGHicbZDLSgMxFIYz9VbrbdSlm8EiuJCalNLLruhClxXsBWaGkknTNjSZGZKMUIY+hhtfxY0LRdx259uYXhba+kPg4z/nJCd/EHOmNITfVmZjc2t7J7ub29s/ODyyj09aKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5Gt7N6+4lKxaLwUY9j6gs8CFmfEayN1bWvU29+iSsHgZ/CAoQQIXQ1A1QpQwO1WrWIqhPvDguBJ107P28yctYBLSEPlmp07anXi0giaKgJx0q5CMbaT7HUjHA6yXmJojEmIzygrsEQC6r8dL7TxLkwTs/pR9KcUDtz9/dEioVSYxGYToH1UK3WZuZ/NTfR/aqfsjBONA3J4qF+wh0dObOUnB6TlGg+NoCJZGZXhwyxxESbLHMmBLT65XVoFQuoXCg9lPL1m2UcWXAGzsElQKAC6uAeNEATEPAMXsE7+LBerDfr0/patGas5cwp+CNr+gNQGpwv</latexit>

�
<latexit sha1_base64="/N4nDVtT/kskJYYD/8i6sOblyME=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEiroRii7qsoJ9YBPCZDpph85MwsxEKCEbf8WNC0Xc+hnu/BsnbRfaeuDC4Zx7ufeeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/reJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44uin8ziORisbiXo8T4nM0EDSiGGkjBfah10CcI3gFG0HmcaSHYZg95HlgV5yqMwFcJO6MVMAMzcD+8voxTjkRGjOkVM91Eu1nSGqKGcnLXqpIgvAIDUjPUIE4UX42eSCHJ0bpwyiWpoSGE/X3RIa4UmMems7iRDXvFeJ/Xi/V0aWfUZGkmgg8XRSlDOoYFmnAPpUEazY2BGFJza0QD5FEWJvMyiYEd/7lRdI+q7rn1dpdrVK/nsVRAkfgGJwCF1yAOrgFTdACGOTgGbyCN+vJerHerY9p65I1mzkAf2B9/gADgpYQ</latexit>

� = GZ

(2)  coupling functions (2-derivative action) →  tame in 
<latexit sha1_base64="DHwze2PmCHRYiQxATQ94ru5LpE4=">AAACIHicbVBNS8NAEN34WetX1aOXxSJ4kJJIUY9FLx5VbCs0oWy203bpZhN2J2IJ+Sle/CtePCiiN/01bmsOfj0YeLw3w8y8MJHCoOu+OzOzc/MLi6Wl8vLK6tp6ZWOzZeJUc2jyWMb6OmQGpFDQRIESrhMNLAoltMPR6cRv34A2IlZXOE4giNhAib7gDK3UrRz5EcNhGGaXeTfzEW4xY3KQ59Q3aWgA6Q9fR5SpfbhN8m6l6tbcKehf4hWkSgqcdytvfi/maQQKuWTGdDw3wSBjGgWXkJf91EDC+IgNoGOpYhGYIJs+mNNdq/RoP9a2FNKp+n0iY5Ex4yi0nZNzzW9vIv7ndVLsHweZUEmKoPjXon4qKcZ0khbtCQ0c5dgSxrWwt1I+ZJpxtJmWbQje75f/ktZBzTus1S/q1cZJEUeJbJMdskc8ckQa5Iyckybh5I48kCfy7Nw7j86L8/rVOuMUM1vkB5yPTysJpNI=</latexit>Ralg ⇢ Ran,exp

[TG,van Vliet] to appear

<latexit sha1_base64="WS6QFOisbwwXX3nzE3oZ9Q3g5CQ="></latexit>

M = �\G/K

➡ Supergravity theories with N>2 supersymmetry in D≧4:

(1)  scalar field spaces: 
is discrete symmetry group that is gauged

<latexit sha1_base64="t8weL881JgI+xxpEpxZbGomZt5c="></latexit>

�⇢ GZ
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seminal paper by [Bakker,Klingler,Tsimerman] ’18 

            ⟹ tame in             if       sufficiently large (‘algebraic’, e.g.               )
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="nGTrbRkHSt/o6kBdiRfWJ6tFbUg=">AAACGHicbZDLSgMxFIYz9VbrbdSlm8EiuJCalNLLruhClxXsBWaGkknTNjSZGZKMUIY+hhtfxY0LRdx259uYXhba+kPg4z/nJCd/EHOmNITfVmZjc2t7J7ub29s/ODyyj09aKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5Gt7N6+4lKxaLwUY9j6gs8CFmfEayN1bWvU29+iSsHgZ/CAoQQIXQ1A1QpQwO1WrWIqhPvDguBJ107P28yctYBLSEPlmp07anXi0giaKgJx0q5CMbaT7HUjHA6yXmJojEmIzygrsEQC6r8dL7TxLkwTs/pR9KcUDtz9/dEioVSYxGYToH1UK3WZuZ/NTfR/aqfsjBONA3J4qF+wh0dObOUnB6TlGg+NoCJZGZXhwyxxESbLHMmBLT65XVoFQuoXCg9lPL1m2UcWXAGzsElQKAC6uAeNEATEPAMXsE7+LBerDfr0/patGas5cwp+CNr+gNQGpwv</latexit>

�
<latexit sha1_base64="/N4nDVtT/kskJYYD/8i6sOblyME=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEiroRii7qsoJ9YBPCZDpph85MwsxEKCEbf8WNC0Xc+hnu/BsnbRfaeuDC4Zx7ufeeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/reJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44uin8ziORisbiXo8T4nM0EDSiGGkjBfah10CcI3gFG0HmcaSHYZg95HlgV5yqMwFcJO6MVMAMzcD+8voxTjkRGjOkVM91Eu1nSGqKGcnLXqpIgvAIDUjPUIE4UX42eSCHJ0bpwyiWpoSGE/X3RIa4UmMems7iRDXvFeJ/Xi/V0aWfUZGkmgg8XRSlDOoYFmnAPpUEazY2BGFJza0QD5FEWJvMyiYEd/7lRdI+q7rn1dpdrVK/nsVRAkfgGJwCF1yAOrgFTdACGOTgGbyCN+vJerHerY9p65I1mzkAf2B9/gADgpYQ</latexit>

� = GZ

(2)  coupling functions (2-derivative action) →  tame in 
<latexit sha1_base64="DHwze2PmCHRYiQxATQ94ru5LpE4=">AAACIHicbVBNS8NAEN34WetX1aOXxSJ4kJJIUY9FLx5VbCs0oWy203bpZhN2J2IJ+Sle/CtePCiiN/01bmsOfj0YeLw3w8y8MJHCoOu+OzOzc/MLi6Wl8vLK6tp6ZWOzZeJUc2jyWMb6OmQGpFDQRIESrhMNLAoltMPR6cRv34A2IlZXOE4giNhAib7gDK3UrRz5EcNhGGaXeTfzEW4xY3KQ59Q3aWgA6Q9fR5SpfbhN8m6l6tbcKehf4hWkSgqcdytvfi/maQQKuWTGdDw3wSBjGgWXkJf91EDC+IgNoGOpYhGYIJs+mNNdq/RoP9a2FNKp+n0iY5Ex4yi0nZNzzW9vIv7ndVLsHweZUEmKoPjXon4qKcZ0khbtCQ0c5dgSxrWwt1I+ZJpxtJmWbQje75f/ktZBzTus1S/q1cZJEUeJbJMdskc8ckQa5Iyckybh5I48kCfy7Nw7j86L8/rVOuMUM1vkB5yPTysJpNI=</latexit>Ralg ⇢ Ran,exp

[TG,van Vliet] to appear

<latexit sha1_base64="WS6QFOisbwwXX3nzE3oZ9Q3g5CQ="></latexit>

M = �\G/K

(3) parameter spaces:  are they tame?  
 

                check: sectrum/group ranks (e.g. choices for          ) are finite in string  
      compactifications →  discrete infinite sets are never definable 

<latexit sha1_base64="7tzcvMmYma4OhC5Su12o4dgHeuk=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAILkqZ1NLLruiiLivYC7RDyaRpG5rMDElGKMM8iBtfxY0LRdy4EHwbM20X2vpD4OM/5yQnvxtwprRtf1upjc2t7Z30bmZv/+DwKHt80lZ+KAltEZ/7sutiRTnzaEszzWk3kBQLl9OOO71J6p0HKhXzvXs9C6gj8NhjI0awNtYgexX155f05Nh1Irtg2zZCKJ8AqpRtA7VatYiqcb+BhcAwzjfgIJubNxrBdUBLyIGlmoPsZ3/ok1BQTxOOleohO9BOhKVmhNM40w8VDTCZ4jHtGfSwoMqJ5nvF8MI4QzjypTmehnP390SEhVIz4ZpOgfVErdYS879aL9SjqhMxLwg19cjioVHIofZhkhQcMkmJ5jMDmEhmdoVkgiUm2uSZMSGg1S+vQ7tYQOVC6a6Uq18v40iDM3AOLgECFVAHt6AJWoCAR/AMXsGb9WS9WO/Wx6I1ZS1nTsEfWV8/LEKdCg==</latexit>

�, G

➡ Supergravity theories with N>2 supersymmetry in D≧4:

(1)  scalar field spaces: 
is discrete symmetry group that is gauged

<latexit sha1_base64="t8weL881JgI+xxpEpxZbGomZt5c="></latexit>

�⇢ GZ
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➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds
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<latexit sha1_base64="x/wwEDjrqNqHUGS+f9S5EPCJ+Jc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbqQCvYBbQiT6aQdOpmEmYkQQ/wVNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrL+jaWlldW19ZLG+XNre2dXXNvvyPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KZ+90HIiQN+b1KIuIEaMSpTzFSWnLNyiBAaowRS28zN72+yWqPx65ZterWFHCR2AWpggIt1/waDEMcB4QrzJCUfduKlJMioShmJCsPYkkihCdoRPqachQQ6aTT8Bk80soQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPlnzsp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfsq6xLs+S8vks5J3T6tN+4a1eZFUUcJHIBDUAM2OANNcAVaoA0wSMAzeAVvxpPxYrwbH7PRJaPYqYA/MD5/AHAFlKM=</latexit>

NIJ(z)

Recall:  Kähler metric from:

N=2 gauge coupling:

➡ Field space:  complex structure deformations
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="KoSCwhyzg1wgv4t4ktlCrvgTyW4=">AAACH3icbVBNS8NAEN34bf2qevSyWAQ9WBIR9SKIXgQPKlg/aErZbKfp4mYTdidqDf0nXvwrXjwoIt76b9y2OWj1wcDjvRlm5gWJFAZdt+uMjI6NT0xOTRdmZufmF4qLS5cmTjWHCo9lrK8DZkAKBRUUKOE60cCiQMJVcHvU86/uQBsRqwtsJ1CLWKhEU3CGVqoXd07WHzfoPt2kPsIDZjIOO9QXCuvZTcc/jSBk1L+HRgjUD5imuVQvltyy2wf9S7yclEiOs3rxy2/EPI1AIZfMmKrnJljLmEbBJXQKfmogYfyWhVC1VLEITC3r/9eha1Zp0GasbSmkffXnRMYiY9pRYDsjhi0z7PXE/7xqis29WiZUkiIoPljUTCXFmPbCog2hgaNsW8K4FvZWyltMM4420oINwRt++S+53Cp7O+Xt8+3SwWEexxRZIatknXhklxyQY3JGKoSTJ/JC3si78+y8Oh/O56B1xMlnlskvON1vnNuhhQ==</latexit>

K(z) = �log

Z

Y
⌦ ^ ⌦̄

➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds
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<latexit sha1_base64="x/wwEDjrqNqHUGS+f9S5EPCJ+Jc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbqQCvYBbQiT6aQdOpmEmYkQQ/wVNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrL+jaWlldW19ZLG+XNre2dXXNvvyPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KZ+90HIiQN+b1KIuIEaMSpTzFSWnLNyiBAaowRS28zN72+yWqPx65ZterWFHCR2AWpggIt1/waDEMcB4QrzJCUfduKlJMioShmJCsPYkkihCdoRPqachQQ6aTT8Bk80soQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPlnzsp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfsq6xLs+S8vks5J3T6tN+4a1eZFUUcJHIBDUAM2OANNcAVaoA0wSMAzeAVvxpPxYrwbH7PRJaPYqYA/MD5/AHAFlKM=</latexit>

NIJ(z)

Recall:  Kähler metric from:

N=2 gauge coupling:

➡ Field space:  complex structure deformations
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="KoSCwhyzg1wgv4t4ktlCrvgTyW4=">AAACH3icbVBNS8NAEN34bf2qevSyWAQ9WBIR9SKIXgQPKlg/aErZbKfp4mYTdidqDf0nXvwrXjwoIt76b9y2OWj1wcDjvRlm5gWJFAZdt+uMjI6NT0xOTRdmZufmF4qLS5cmTjWHCo9lrK8DZkAKBRUUKOE60cCiQMJVcHvU86/uQBsRqwtsJ1CLWKhEU3CGVqoXd07WHzfoPt2kPsIDZjIOO9QXCuvZTcc/jSBk1L+HRgjUD5imuVQvltyy2wf9S7yclEiOs3rxy2/EPI1AIZfMmKrnJljLmEbBJXQKfmogYfyWhVC1VLEITC3r/9eha1Zp0GasbSmkffXnRMYiY9pRYDsjhi0z7PXE/7xqis29WiZUkiIoPljUTCXFmPbCog2hgaNsW8K4FvZWyltMM4420oINwRt++S+53Cp7O+Xt8+3SwWEexxRZIatknXhklxyQY3JGKoSTJ/JC3si78+y8Oh/O56B1xMlnlskvON1vnNuhhQ==</latexit>

K(z) = �log

Z

Y
⌦ ^ ⌦̄

➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds

derived from  
period integrals

<latexit sha1_base64="jO6g7blysxerUaE+69Y+iV6ZFA8=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSB4CrsS1IsQ9OLNCOYB2bj0TiabITOzy8ysEJbcvPgrXjwo4tVf8ObfOHkcNLGgoajqprsrTDjTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7VyO/8UCVZrG8M4OEtgVEknUZAWOloHDgV9k9wxfYZ9IEmR+BEBCwIfZvBI0gKBTdkjsGnifelBTRFNWg8OV3YpIKKg3hoHXLcxPTzkAZRjgd5v1U0wRIHyLaslSCoLqdjf8Y4iOrdHA3VrakwWP190QGQuuBCG2nANPTs95I/M9rpaZ73s6YTFJDJZks6qYcmxiPQsEdpigxfGAJEMXsrZj0QAExNrq8DcGbfXme1E9K3mmpfFsuVi6nceTQPjpEx8hDZ6iCrlEV1RBBj+gZvaI358l5cd6dj0nrgjOd2UN/4Hz+APg+mMM=</latexit>

⇧i =

Z

�i

⌦
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<latexit sha1_base64="x/wwEDjrqNqHUGS+f9S5EPCJ+Jc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbqQCvYBbQiT6aQdOpmEmYkQQ/wVNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrL+jaWlldW19ZLG+XNre2dXXNvvyPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KZ+90HIiQN+b1KIuIEaMSpTzFSWnLNyiBAaowRS28zN72+yWqPx65ZterWFHCR2AWpggIt1/waDEMcB4QrzJCUfduKlJMioShmJCsPYkkihCdoRPqachQQ6aTT8Bk80soQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPlnzsp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfsq6xLs+S8vks5J3T6tN+4a1eZFUUcJHIBDUAM2OANNcAVaoA0wSMAzeAVvxpPxYrwbH7PRJaPYqYA/MD5/AHAFlKM=</latexit>

NIJ(z)

Recall:  Kähler metric from:

N=2 gauge coupling:

➡ Field space:  complex structure deformations
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="KoSCwhyzg1wgv4t4ktlCrvgTyW4=">AAACH3icbVBNS8NAEN34bf2qevSyWAQ9WBIR9SKIXgQPKlg/aErZbKfp4mYTdidqDf0nXvwrXjwoIt76b9y2OWj1wcDjvRlm5gWJFAZdt+uMjI6NT0xOTRdmZufmF4qLS5cmTjWHCo9lrK8DZkAKBRUUKOE60cCiQMJVcHvU86/uQBsRqwtsJ1CLWKhEU3CGVqoXd07WHzfoPt2kPsIDZjIOO9QXCuvZTcc/jSBk1L+HRgjUD5imuVQvltyy2wf9S7yclEiOs3rxy2/EPI1AIZfMmKrnJljLmEbBJXQKfmogYfyWhVC1VLEITC3r/9eha1Zp0GasbSmkffXnRMYiY9pRYDsjhi0z7PXE/7xqis29WiZUkiIoPljUTCXFmPbCog2hgaNsW8K4FvZWyltMM4420oINwRt++S+53Cp7O+Xt8+3SwWEexxRZIatknXhklxyQY3JGKoSTJ/JC3si78+y8Oh/O56B1xMlnlskvON1vnNuhhQ==</latexit>

K(z) = �log

Z

Y
⌦ ^ ⌦̄

➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds

 
[Bakker,Klingler,Tsimerman] ’18 

(a)  Hodge star on                  , period map are tame in 
<latexit sha1_base64="Yfv2sAce0sP7QhZkFPAOlx0hCWM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISKeqy2C66rGAf0sYwmU7boZNJmJkIJQT8FTcuFHHrd7jzb5y0WWjrgYHDOfdyzxwvZFQqy/o2ciura+sb+c3C1vbO7p65f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+RjjeppX7nkQhJA36npiFxfDTidEgxUlpyzaPGQ1xPSvdu/bzvIzX2vLiWnLlm0SpbM8BlYmekCDI0XfOrPwhw5BOuMENS9mwrVE6MhKKYkaTQjyQJEZ6gEelpypFPpBPP4ifwVCsDOAyEflzBmfp7I0a+lFPf05NpRLnopeJ/Xi9Sw2snpjyMFOF4fmgYMagCmHYBB1QQrNhUE4QF1VkhHiOBsNKNFXQJ9uKXl0n7omxfliu3lWL1JqsjD47BCSgBG1yBKmiAJmgBDGLwDF7Bm/FkvBjvxsd8NGdkO4fgD4zPHwYLlOY=</latexit>

H
D(YD,C)

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡ Also recently shown:

(b)  period integrals themselves are tame in  
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp 

[Bakker,Mullane] ’22 + [Bakker,Tsimerman] to appear 

derived from  
period integrals

<latexit sha1_base64="jO6g7blysxerUaE+69Y+iV6ZFA8=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSB4CrsS1IsQ9OLNCOYB2bj0TiabITOzy8ysEJbcvPgrXjwo4tVf8ObfOHkcNLGgoajqprsrTDjTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7VyO/8UCVZrG8M4OEtgVEknUZAWOloHDgV9k9wxfYZ9IEmR+BEBCwIfZvBI0gKBTdkjsGnifelBTRFNWg8OV3YpIKKg3hoHXLcxPTzkAZRjgd5v1U0wRIHyLaslSCoLqdjf8Y4iOrdHA3VrakwWP190QGQuuBCG2nANPTs95I/M9rpaZ73s6YTFJDJZks6qYcmxiPQsEdpigxfGAJEMXsrZj0QAExNrq8DcGbfXme1E9K3mmpfFsuVi6nceTQPjpEx8hDZ6iCrlEV1RBBj+gZvaI358l5cd6dj0nrgjOd2UN/4Hz+APg+mMM=</latexit>

⇧i =

Z

�i

⌦
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→  tame maps in 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp➡ Kähler metric/gauge coupling function on

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

<latexit sha1_base64="x/wwEDjrqNqHUGS+f9S5EPCJ+Jc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbqQCvYBbQiT6aQdOpmEmYkQQ/wVNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrL+jaWlldW19ZLG+XNre2dXXNvvyPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KZ+90HIiQN+b1KIuIEaMSpTzFSWnLNyiBAaowRS28zN72+yWqPx65ZterWFHCR2AWpggIt1/waDEMcB4QrzJCUfduKlJMioShmJCsPYkkihCdoRPqachQQ6aTT8Bk80soQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPlnzsp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfsq6xLs+S8vks5J3T6tN+4a1eZFUUcJHIBDUAM2OANNcAVaoA0wSMAzeAVvxpPxYrwbH7PRJaPYqYA/MD5/AHAFlKM=</latexit>

NIJ(z)

Recall:  Kähler metric from:

N=2 gauge coupling:

➡ Field space:  complex structure deformations
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="KoSCwhyzg1wgv4t4ktlCrvgTyW4=">AAACH3icbVBNS8NAEN34bf2qevSyWAQ9WBIR9SKIXgQPKlg/aErZbKfp4mYTdidqDf0nXvwrXjwoIt76b9y2OWj1wcDjvRlm5gWJFAZdt+uMjI6NT0xOTRdmZufmF4qLS5cmTjWHCo9lrK8DZkAKBRUUKOE60cCiQMJVcHvU86/uQBsRqwtsJ1CLWKhEU3CGVqoXd07WHzfoPt2kPsIDZjIOO9QXCuvZTcc/jSBk1L+HRgjUD5imuVQvltyy2wf9S7yclEiOs3rxy2/EPI1AIZfMmKrnJljLmEbBJXQKfmogYfyWhVC1VLEITC3r/9eha1Zp0GasbSmkffXnRMYiY9pRYDsjhi0z7PXE/7xqis29WiZUkiIoPljUTCXFmPbCog2hgaNsW8K4FvZWyltMM4420oINwRt++S+53Cp7O+Xt8+3SwWEexxRZIatknXhklxyQY3JGKoSTJ/JC3si78+y8Oh/O56B1xMlnlskvON1vnNuhhQ==</latexit>

K(z) = �log

Z

Y
⌦ ^ ⌦̄

➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds

derived from  
period integrals

<latexit sha1_base64="jO6g7blysxerUaE+69Y+iV6ZFA8=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSB4CrsS1IsQ9OLNCOYB2bj0TiabITOzy8ysEJbcvPgrXjwo4tVf8ObfOHkcNLGgoajqprsrTDjTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7VyO/8UCVZrG8M4OEtgVEknUZAWOloHDgV9k9wxfYZ9IEmR+BEBCwIfZvBI0gKBTdkjsGnifelBTRFNWg8OV3YpIKKg3hoHXLcxPTzkAZRjgd5v1U0wRIHyLaslSCoLqdjf8Y4iOrdHA3VrakwWP190QGQuuBCG2nANPTs95I/M9rpaZ73s6YTFJDJZks6qYcmxiPQsEdpigxfGAJEMXsrZj0QAExNrq8DcGbfXme1E9K3mmpfFsuVi6nceTQPjpEx8hDZ6iCrlEV1RBBj+gZvaI358l5cd6dj0nrgjOd2UN/4Hz+APg+mMM=</latexit>

⇧i =

Z

�i

⌦



  Tameness in compactifications:   N=2

16

→  tame maps in 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp➡ Kähler metric/gauge coupling function on

<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M

➡ Note: period integrals have ‘parameters’ (e.g. mirror intersection numbers)
→  non-trivial      : would need finiteness of Calabi-Yau manifolds

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P

<latexit sha1_base64="x/wwEDjrqNqHUGS+f9S5EPCJ+Jc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbqQCvYBbQiT6aQdOpmEmYkQQ/wVNy4UceuHuPNvnLRZaOuBgcM593LPHC9iVCrL+jaWlldW19ZLG+XNre2dXXNvvyPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3KZ+90HIiQN+b1KIuIEaMSpTzFSWnLNyiBAaowRS28zN72+yWqPx65ZterWFHCR2AWpggIt1/waDEMcB4QrzJCUfduKlJMioShmJCsPYkkihCdoRPqachQQ6aTT8Bk80soQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPlnzsp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfsq6xLs+S8vks5J3T6tN+4a1eZFUUcJHIBDUAM2OANNcAVaoA0wSMAzeAVvxpPxYrwbH7PRJaPYqYA/MD5/AHAFlKM=</latexit>

NIJ(z)

Recall:  Kähler metric from:

N=2 gauge coupling:

➡ Field space:  complex structure deformations
<latexit sha1_base64="XH145rq21f8dZc6eIBn4ioo5Jj0=">AAACH3icbVDNS8MwHE3n15xfVY9egkPwIKMVv45DL16ECe4D2jLSLN3C0rQkqTBK/xMv/itePCgi3vbfmHYVdPNB4PHe75e8PD9mVCrLmhqVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH9/kfveRCEkj/qAmMfFCNOQ0oBgpLfXNi9QtLnHE0PdSq2EVOFkgGXRDpEYYsfQug1nfrP84cJHYJamDEq2++eUOIpyEhCvMkJSObcXKS5FQFDOS1dxEkhjhMRoSR1OOQiK9tIiWwSOtDGAQCX24goX6eyNFoZST0NeTeUg57+Xif56TqODKSymPE0U4nj0UJAyqCOZlwQEVBCs20QRhQXVWiEdIIKx0pTVdgj3/5UXSOW3Y5w3r/qzevC7rqIIDcAiOgQ0uQRPcghZoAwyewAt4A+/Gs/FqfBifs9GKUe7sgz8wpt8nzZ62</latexit>

M
<latexit sha1_base64="KoSCwhyzg1wgv4t4ktlCrvgTyW4=">AAACH3icbVBNS8NAEN34bf2qevSyWAQ9WBIR9SKIXgQPKlg/aErZbKfp4mYTdidqDf0nXvwrXjwoIt76b9y2OWj1wcDjvRlm5gWJFAZdt+uMjI6NT0xOTRdmZufmF4qLS5cmTjWHCo9lrK8DZkAKBRUUKOE60cCiQMJVcHvU86/uQBsRqwtsJ1CLWKhEU3CGVqoXd07WHzfoPt2kPsIDZjIOO9QXCuvZTcc/jSBk1L+HRgjUD5imuVQvltyy2wf9S7yclEiOs3rxy2/EPI1AIZfMmKrnJljLmEbBJXQKfmogYfyWhVC1VLEITC3r/9eha1Zp0GasbSmkffXnRMYiY9pRYDsjhi0z7PXE/7xqis29WiZUkiIoPljUTCXFmPbCog2hgaNsW8K4FvZWyltMM4420oINwRt++S+53Cp7O+Xt8+3SwWEexxRZIatknXhklxyQY3JGKoSTJ/JC3si78+y8Oh/O56B1xMlnlskvON1vnNuhhQ==</latexit>

K(z) = �log

Z

Y
⌦ ^ ⌦̄

➡ Less supersymmetry:  N=2 compactifications on Calabi-Yau threefolds

derived from  
period integrals

<latexit sha1_base64="jO6g7blysxerUaE+69Y+iV6ZFA8=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSB4CrsS1IsQ9OLNCOYB2bj0TiabITOzy8ysEJbcvPgrXjwo4tVf8ObfOHkcNLGgoajqprsrTDjTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7VyO/8UCVZrG8M4OEtgVEknUZAWOloHDgV9k9wxfYZ9IEmR+BEBCwIfZvBI0gKBTdkjsGnifelBTRFNWg8OV3YpIKKg3hoHXLcxPTzkAZRjgd5v1U0wRIHyLaslSCoLqdjf8Y4iOrdHA3VrakwWP190QGQuuBCG2nANPTs95I/M9rpaZ73s6YTFJDJZks6qYcmxiPQsEdpigxfGAJEMXsrZj0QAExNrq8DcGbfXme1E9K3mmpfFsuVi6nceTQPjpEx8hDZ6iCrlEV1RBBj+gZvaI358l5cd6dj0nrgjOd2UN/4Hz+APg+mMM=</latexit>

⇧i =

Z

�i

⌦
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➡ Consider (non-trivial) function with discrete symmetry:  
<latexit sha1_base64="lmxEEwSwuKJQxMJrPRkt3AhmAIE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsUUoiRd0IRTcuK9gHNqFMppM6dDKJMxOxhH6CG3/FjQtF3Lp05984abPQ1gOXOZxzL3Pv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbTRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5g4vUb90TIWnIr9UwIm6A+pz6FCOlpa6575ceyvAM6ueAlx14CJ27GPUghw7VFSB163nJzahrFq2KNQacJXZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGRkVnFiSCOEB6pOOphwFRLrJ+KAR3NNKD/qh0MUVHKu/JxIUSDkMPN2ZbiinvVT8z+vEyj91E8qjWBGOJx/5MYMqhGk6sEcFwYoNNUFYUL0rxLdIIKx0hgUdgj198ixpHlXs40r1qlqsnWdx5MEO2AUlYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpDVnZDPb4A+Mzx/D0Zqa</latexit>

f(x) = f(x+ n) , n 2 Z ⟹ not tame for         
<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>

x 2 R
But:  gauge the symmetry -            on interval [0,1) ⟹ can now be tame

<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)



  Some relations to other conjectures

17

➡ Consider (non-trivial) function with discrete symmetry:  
<latexit sha1_base64="lmxEEwSwuKJQxMJrPRkt3AhmAIE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsUUoiRd0IRTcuK9gHNqFMppM6dDKJMxOxhH6CG3/FjQtF3Lp05984abPQ1gOXOZxzL3Pv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbTRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5g4vUb90TIWnIr9UwIm6A+pz6FCOlpa6575ceyvAM6ueAlx14CJ27GPUghw7VFSB163nJzahrFq2KNQacJXZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGRkVnFiSCOEB6pOOphwFRLrJ+KAR3NNKD/qh0MUVHKu/JxIUSDkMPN2ZbiinvVT8z+vEyj91E8qjWBGOJx/5MYMqhGk6sEcFwYoNNUFYUL0rxLdIIKx0hgUdgj198ixpHlXs40r1qlqsnWdx5MEO2AUlYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpDVnZDPb4A+Mzx/D0Zqa</latexit>

f(x) = f(x+ n) , n 2 Z ⟹ not tame for         
<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>

x 2 R
But:  gauge the symmetry -            on interval [0,1) ⟹ can now be tame

<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)
<latexit sha1_base64="nrPXwKmAW3dQSb3E5HV1jyvBQ8o="></latexit>

�\G/K‘No global symmetries’:   sufficiently large        in                              [Cecotti]      
<latexit sha1_base64="MEV6blPkL0ytt1vq0Mqk5b4eiNY=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBhZSklF52RRe6rGAv0A4lk6ZtaDIzJBmhDH0NN76KGxeKuNSVb2OmnYW2/hD4+M85ycnvhYJrg9C3s7a+sbm1ndnJ7u7tHxzmjo5bOogUZU0aiEB1PKKZ4D5rGm4E64SKEekJ1vYm10m9/cCU5oF/b6YhcyUZ+XzIKTHW6udQ3Jtf0lUjz41RASGEMb5MAFfKyEKtVi3i6qx3Q6QkcNbP5eddVnAVcAp5kKrRz332BgGNJPMNFUTrLkahcWOiDKeCzbK9SLOQ0AkZsa5Fn0im3Xi+1AyeW2cAh4Gyxzdw7v6eiInUeio92ymJGevlWmL+V+tGZlh1Y+6HkWE+XTw0jAQ0AUxiggOuGDViaoFQxe2ukI6JItTYMLM2BLz85VVoFQu4XCjdlfL1qzSODDgFZ+ACYFABdXALGqAJKHgEz+AVvDlPzovz7nwsWtecdOYE/JHz9QOzQZxZ</latexit>

�
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➡ Consider (non-trivial) function with discrete symmetry:  
<latexit sha1_base64="lmxEEwSwuKJQxMJrPRkt3AhmAIE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsUUoiRd0IRTcuK9gHNqFMppM6dDKJMxOxhH6CG3/FjQtF3Lp05984abPQ1gOXOZxzL3Pv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbTRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5g4vUb90TIWnIr9UwIm6A+pz6FCOlpa6575ceyvAM6ueAlx14CJ27GPUghw7VFSB163nJzahrFq2KNQacJXZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGRkVnFiSCOEB6pOOphwFRLrJ+KAR3NNKD/qh0MUVHKu/JxIUSDkMPN2ZbiinvVT8z+vEyj91E8qjWBGOJx/5MYMqhGk6sEcFwYoNNUFYUL0rxLdIIKx0hgUdgj198ixpHlXs40r1qlqsnWdx5MEO2AUlYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpDVnZDPb4A+Mzx/D0Zqa</latexit>

f(x) = f(x+ n) , n 2 Z ⟹ not tame for         
<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>

x 2 R
But:  gauge the symmetry -            on interval [0,1) ⟹ can now be tame

<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)

➡ Involved:  period integrals are complicated functions (e.g. hypergeom.) 
→  carefully ‘mod out’ monodromy symmetries  

<latexit sha1_base64="PJCCRNBTN5ZkXgQ1WHpmVEvqqaY=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQgITdENSLEPTiMUJekI1hdraTDJl9MDMbiEt+wou/4sWDIl4Fb/6Nk2RBTSxoKKq66e5yQs6kMs0vI7Wyura+kd7MbG3v7O5l9w8aMogEhToNeCBaDpHAmQ91xRSHViiAeA6HpjO8nvrNEQjJAr+mxiF0PNL3WY9RorTUzZ7aI6DYrrL8PYa7uGSHDLNJAV/imk3dQOEfv4C72ZxZNGfAy8RKSA4lqHazn7Yb0MgDX1FOpGxbZqg6MRGKUQ6TjB1JCAkdkj60NfWJB7ITz76a4BOtuLgXCF2+wjP190RMPCnHnqM7PaIGctGbiv957Uj1Ljox88NIgU/ni3oRxyrA04iwywRQxceaECqYvhXTARGEKh1kRodgLb68TBqlonVWLN+Wc5WrJI40OkLHKI8sdI4q6AZVUR1R9ICe0At6NR6NZ+PNeJ+3poxk5hD9gfHxDXqqnII=</latexit>

~⇧(ze2⇡i) = T · ~⇧(z)
<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T <latexit sha1_base64="E1xGj5eVdEhtmqb74UUCeCGz3UA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8sJkDbOT3mTI7Ow6MyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KEsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTP3mEyrNY1kzowT9iPYlDzmjxkr3tQdJOhIfSa1bLLlldwayTLyMlCBDtVv86vRilkYoDRNU67bnJsYfU2U4EzgpdFKNCWVD2se2pZJGqP3x7OIJObFKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT90mPK2RGjCyhTHF7K2EDqigzNqSCDcFbfHmZNM7K3kX5/O68VLnO4sjDERzDKXhwCRW4hSrUgYGEZ3iFN0c7L8678zFvzTnZzCH8gfP5A5qYkDs=</latexit>

Tn 6= T

<latexit sha1_base64="nrPXwKmAW3dQSb3E5HV1jyvBQ8o="></latexit>

�\G/K‘No global symmetries’:   sufficiently large        in                              [Cecotti]      
<latexit sha1_base64="MEV6blPkL0ytt1vq0Mqk5b4eiNY=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBhZSklF52RRe6rGAv0A4lk6ZtaDIzJBmhDH0NN76KGxeKuNSVb2OmnYW2/hD4+M85ycnvhYJrg9C3s7a+sbm1ndnJ7u7tHxzmjo5bOogUZU0aiEB1PKKZ4D5rGm4E64SKEekJ1vYm10m9/cCU5oF/b6YhcyUZ+XzIKTHW6udQ3Jtf0lUjz41RASGEMb5MAFfKyEKtVi3i6qx3Q6QkcNbP5eddVnAVcAp5kKrRz332BgGNJPMNFUTrLkahcWOiDKeCzbK9SLOQ0AkZsa5Fn0im3Xi+1AyeW2cAh4Gyxzdw7v6eiInUeio92ymJGevlWmL+V+tGZlh1Y+6HkWE+XTw0jAQ0AUxiggOuGDViaoFQxe2ukI6JItTYMLM2BLz85VVoFQu4XCjdlfL1qzSODDgFZ+ACYFABdXALGqAJKHgEz+AVvDlPzovz7nwsWtecdOYE/JHz9QOzQZxZ</latexit>

�
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<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>
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<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)

➡ Involved:  period integrals are complicated functions (e.g. hypergeom.) 
→  carefully ‘mod out’ monodromy symmetries  

<latexit sha1_base64="PJCCRNBTN5ZkXgQ1WHpmVEvqqaY=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQgITdENSLEPTiMUJekI1hdraTDJl9MDMbiEt+wou/4sWDIl4Fb/6Nk2RBTSxoKKq66e5yQs6kMs0vI7Wyura+kd7MbG3v7O5l9w8aMogEhToNeCBaDpHAmQ91xRSHViiAeA6HpjO8nvrNEQjJAr+mxiF0PNL3WY9RorTUzZ7aI6DYrrL8PYa7uGSHDLNJAV/imk3dQOEfv4C72ZxZNGfAy8RKSA4lqHazn7Yb0MgDX1FOpGxbZqg6MRGKUQ6TjB1JCAkdkj60NfWJB7ITz76a4BOtuLgXCF2+wjP190RMPCnHnqM7PaIGctGbiv957Uj1Ljox88NIgU/ni3oRxyrA04iwywRQxceaECqYvhXTARGEKh1kRodgLb68TBqlonVWLN+Wc5WrJI40OkLHKI8sdI4q6AZVUR1R9ICe0At6NR6NZ+PNeJ+3poxk5hD9gfHxDXqqnII=</latexit>

~⇧(ze2⇡i) = T · ~⇧(z)
<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T <latexit sha1_base64="E1xGj5eVdEhtmqb74UUCeCGz3UA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8sJkDbOT3mTI7Ow6MyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KEsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTP3mEyrNY1kzowT9iPYlDzmjxkr3tQdJOhIfSa1bLLlldwayTLyMlCBDtVv86vRilkYoDRNU67bnJsYfU2U4EzgpdFKNCWVD2se2pZJGqP3x7OIJObFKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT90mPK2RGjCyhTHF7K2EDqigzNqSCDcFbfHmZNM7K3kX5/O68VLnO4sjDERzDKXhwCRW4hSrUgYGEZ3iFN0c7L8678zFvzTnZzCH8gfP5A5qYkDs=</latexit>

Tn 6= T

<latexit sha1_base64="nrPXwKmAW3dQSb3E5HV1jyvBQ8o="></latexit>

�\G/K‘No global symmetries’:   sufficiently large        in                              [Cecotti]      
<latexit sha1_base64="MEV6blPkL0ytt1vq0Mqk5b4eiNY=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBhZSklF52RRe6rGAv0A4lk6ZtaDIzJBmhDH0NN76KGxeKuNSVb2OmnYW2/hD4+M85ycnvhYJrg9C3s7a+sbm1ndnJ7u7tHxzmjo5bOogUZU0aiEB1PKKZ4D5rGm4E64SKEekJ1vYm10m9/cCU5oF/b6YhcyUZ+XzIKTHW6udQ3Jtf0lUjz41RASGEMb5MAFfKyEKtVi3i6qx3Q6QkcNbP5eddVnAVcAp5kKrRz332BgGNJPMNFUTrLkahcWOiDKeCzbK9SLOQ0AkZsa5Fn0im3Xi+1AyeW2cAh4Gyxzdw7v6eiInUeio92ymJGevlWmL+V+tGZlh1Y+6HkWE+XTw0jAQ0AUxiggOuGDViaoFQxe2ukI6JItTYMLM2BLz85VVoFQu4XCjdlfL1qzSODDgFZ+ACYFABdXALGqAJKHgEz+AVvDlPzovz7nwsWtecdOYE/JHz9QOzQZxZ</latexit>

�

→  not tame in            :  towers of BPS states of mass                 (not part of EFT)
<latexit sha1_base64="eV2Zfe+2vECg6T92xq/ar7bjSs8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgmkLbSib7aZdutmE3Y1QQ3+DFw+KePUHefPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k7u533mkUrFIPOhpTL0QjwQLGMHaSG716aJ1PihX7JqdAa0SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tLs2Bk6M8oQBZE0JTTK1N8TKQ6Vmoa+6QyxHqtlby7+5/USHdx4KRNxoqkgi0VBwpGO0PxzNGSSEs2nhmAimbkVkTGWmGiTT8mE4Cy/vEralzXnqlZv1SuN2zyOIpzAKVTBgWtowD00wQUCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w+62I39</latexit>

(z,Q)
<latexit sha1_base64="TKEZmlTWluzkuv6Sovtlpka34Xk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgv3ANpTNdtMu3Wzi7kaoaf+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZmZXVtfSO7mdva3tndy+8fNFQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDW+mfvORSsVCcadHEXUD3BfMZwRrI7XG98Wns9rpuJsv2CV7BrRMnJQUIEW1m//q9EISB1RowrFSbceOtJtgqRnhdJLrxIpGmAxxn7YNFTigyk1m907QiVF6yA+lKaHRTP09keBAqVHgmc4A64Fa9Kbif1471v6VmzARxZoKMl/kxxzpEE2fRz0mKdF8ZAgmkplbERlgiYk2EeVMCM7iy8ukcV5yLkrlWrlQuU7jyMIRHEMRHLiECtxCFepAgMMzvMKb9WC9WO/Wx7w1Y6Uzh/AH1ucPMN+PbQ==</latexit>

|Z(z,Q)|
However:  quantities like the central charge                                         not     -invariant

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T
<latexit sha1_base64="VRoE9+NRb3ZTpwW67bTykef8LeU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgtSkFHUjFN0IblqwD2zTMJlO26GTSZiZCDUU3Pgrblwo4tafcOffOG2z0NYDFw7n3Mu993gho1JZ1reRWlhcWl5Jr2bW1jc2t8ztnZoMIoFJFQcsEA0PScIoJ1VFFSONUBDke4zUvcHV2K/fEyFpwG/VMCSOj3qcdilGSkuuuXeXeziuHMELSNrxzUlhBCsuha0ybVPXzFp5awI4T+yEZEGCsmt+tToBjnzCFWZIyqZthcqJkVAUMzLKtCJJQoQHqEeamnLkE+nEkx9G8FArHdgNhC6u4ET9PREjX8qh7+lOH6m+nPXG4n9eM1LdcyemPIwU4Xi6qBsxqAI4DgR2qCBYsaEmCAuqb4W4jwTCSseW0SHYsy/Pk1ohb5/mi5VitnSZxJEG++AA5IANzkAJXIMyqAIMHsEzeAVvxpPxYrwbH9PWlJHM7II/MD5/AFuylXM=</latexit>

Z(z,Q) = eK/2Qi⇧
i
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➡ Consider (non-trivial) function with discrete symmetry:  
<latexit sha1_base64="lmxEEwSwuKJQxMJrPRkt3AhmAIE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsUUoiRd0IRTcuK9gHNqFMppM6dDKJMxOxhH6CG3/FjQtF3Lp05984abPQ1gOXOZxzL3Pv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbTRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5g4vUb90TIWnIr9UwIm6A+pz6FCOlpa6575ceyvAM6ueAlx14CJ27GPUghw7VFSB163nJzahrFq2KNQacJXZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGRkVnFiSCOEB6pOOphwFRLrJ+KAR3NNKD/qh0MUVHKu/JxIUSDkMPN2ZbiinvVT8z+vEyj91E8qjWBGOJx/5MYMqhGk6sEcFwYoNNUFYUL0rxLdIIKx0hgUdgj198ixpHlXs40r1qlqsnWdx5MEO2AUlYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpDVnZDPb4A+Mzx/D0Zqa</latexit>

f(x) = f(x+ n) , n 2 Z ⟹ not tame for         
<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>

x 2 R
But:  gauge the symmetry -            on interval [0,1) ⟹ can now be tame

<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)

➡ Involved:  period integrals are complicated functions (e.g. hypergeom.) 
→  carefully ‘mod out’ monodromy symmetries  

<latexit sha1_base64="PJCCRNBTN5ZkXgQ1WHpmVEvqqaY=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQgITdENSLEPTiMUJekI1hdraTDJl9MDMbiEt+wou/4sWDIl4Fb/6Nk2RBTSxoKKq66e5yQs6kMs0vI7Wyura+kd7MbG3v7O5l9w8aMogEhToNeCBaDpHAmQ91xRSHViiAeA6HpjO8nvrNEQjJAr+mxiF0PNL3WY9RorTUzZ7aI6DYrrL8PYa7uGSHDLNJAV/imk3dQOEfv4C72ZxZNGfAy8RKSA4lqHazn7Yb0MgDX1FOpGxbZqg6MRGKUQ6TjB1JCAkdkj60NfWJB7ITz76a4BOtuLgXCF2+wjP190RMPCnHnqM7PaIGctGbiv957Uj1Ljox88NIgU/ni3oRxyrA04iwywRQxceaECqYvhXTARGEKh1kRodgLb68TBqlonVWLN+Wc5WrJI40OkLHKI8sdI4q6AZVUR1R9ICe0At6NR6NZ+PNeJ+3poxk5hD9gfHxDXqqnII=</latexit>

~⇧(ze2⇡i) = T · ~⇧(z)
<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T <latexit sha1_base64="E1xGj5eVdEhtmqb74UUCeCGz3UA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8sJkDbOT3mTI7Ow6MyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KEsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTP3mEyrNY1kzowT9iPYlDzmjxkr3tQdJOhIfSa1bLLlldwayTLyMlCBDtVv86vRilkYoDRNU67bnJsYfU2U4EzgpdFKNCWVD2se2pZJGqP3x7OIJObFKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT90mPK2RGjCyhTHF7K2EDqigzNqSCDcFbfHmZNM7K3kX5/O68VLnO4sjDERzDKXhwCRW4hSrUgYGEZ3iFN0c7L8678zFvzTnZzCH8gfP5A5qYkDs=</latexit>

Tn 6= T

<latexit sha1_base64="nrPXwKmAW3dQSb3E5HV1jyvBQ8o="></latexit>

�\G/K‘No global symmetries’:   sufficiently large        in                              [Cecotti]      
<latexit sha1_base64="MEV6blPkL0ytt1vq0Mqk5b4eiNY=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBhZSklF52RRe6rGAv0A4lk6ZtaDIzJBmhDH0NN76KGxeKuNSVb2OmnYW2/hD4+M85ycnvhYJrg9C3s7a+sbm1ndnJ7u7tHxzmjo5bOogUZU0aiEB1PKKZ4D5rGm4E64SKEekJ1vYm10m9/cCU5oF/b6YhcyUZ+XzIKTHW6udQ3Jtf0lUjz41RASGEMb5MAFfKyEKtVi3i6qx3Q6QkcNbP5eddVnAVcAp5kKrRz332BgGNJPMNFUTrLkahcWOiDKeCzbK9SLOQ0AkZsa5Fn0im3Xi+1AyeW2cAh4Gyxzdw7v6eiInUeio92ymJGevlWmL+V+tGZlh1Y+6HkWE+XTw0jAQ0AUxiggOuGDViaoFQxe2ukI6JItTYMLM2BLz85VVoFQu4XCjdlfL1qzSODDgFZ+ACYFABdXALGqAJKHgEz+AVvDlPzovz7nwsWtecdOYE/JHz9QOzQZxZ</latexit>

�

→  not tame in            :  towers of BPS states of mass                 (not part of EFT)
<latexit sha1_base64="eV2Zfe+2vECg6T92xq/ar7bjSs8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgmkLbSib7aZdutmE3Y1QQ3+DFw+KePUHefPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k7u533mkUrFIPOhpTL0QjwQLGMHaSG716aJ1PihX7JqdAa0SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tLs2Bk6M8oQBZE0JTTK1N8TKQ6Vmoa+6QyxHqtlby7+5/USHdx4KRNxoqkgi0VBwpGO0PxzNGSSEs2nhmAimbkVkTGWmGiTT8mE4Cy/vEralzXnqlZv1SuN2zyOIpzAKVTBgWtowD00wQUCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w+62I39</latexit>

(z,Q)
<latexit sha1_base64="TKEZmlTWluzkuv6Sovtlpka34Xk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgv3ANpTNdtMu3Wzi7kaoaf+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZmZXVtfSO7mdva3tndy+8fNFQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDW+mfvORSsVCcadHEXUD3BfMZwRrI7XG98Wns9rpuJsv2CV7BrRMnJQUIEW1m//q9EISB1RowrFSbceOtJtgqRnhdJLrxIpGmAxxn7YNFTigyk1m907QiVF6yA+lKaHRTP09keBAqVHgmc4A64Fa9Kbif1471v6VmzARxZoKMl/kxxzpEE2fRz0mKdF8ZAgmkplbERlgiYk2EeVMCM7iy8ukcV5yLkrlWrlQuU7jyMIRHEMRHLiECtxCFepAgMMzvMKb9WC9WO/Wx7w1Y6Uzh/AH1ucPMN+PbQ==</latexit>

|Z(z,Q)|
However:  quantities like the central charge                                         not     -invariant

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T
<latexit sha1_base64="VRoE9+NRb3ZTpwW67bTykef8LeU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgtSkFHUjFN0IblqwD2zTMJlO26GTSZiZCDUU3Pgrblwo4tafcOffOG2z0NYDFw7n3Mu993gho1JZ1reRWlhcWl5Jr2bW1jc2t8ztnZoMIoFJFQcsEA0PScIoJ1VFFSONUBDke4zUvcHV2K/fEyFpwG/VMCSOj3qcdilGSkuuuXeXeziuHMELSNrxzUlhBCsuha0ybVPXzFp5awI4T+yEZEGCsmt+tToBjnzCFWZIyqZthcqJkVAUMzLKtCJJQoQHqEeamnLkE+nEkx9G8FArHdgNhC6u4ET9PREjX8qh7+lOH6m+nPXG4n9eM1LdcyemPIwU4Xi6qBsxqAI4DgR2qCBYsaEmCAuqb4W4jwTCSseW0SHYsy/Pk1ohb5/mi5VitnSZxJEG++AA5IANzkAJXIMyqAIMHsEzeAVvxpPxYrwbH9PWlJHM7II/MD5/AFuylXM=</latexit>

Z(z,Q) = eK/2Qi⇧
i

→  relevant to Distance conjecture [TG,Palti,Valenzuela]
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➡ Consider (non-trivial) function with discrete symmetry:  
<latexit sha1_base64="lmxEEwSwuKJQxMJrPRkt3AhmAIE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsUUoiRd0IRTcuK9gHNqFMppM6dDKJMxOxhH6CG3/FjQtF3Lp05984abPQ1gOXOZxzL3Pv8SJGpbKsbyM3N7+wuJRfLqysrq1vmJtbTRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5g4vUb90TIWnIr9UwIm6A+pz6FCOlpa6575ceyvAM6ueAlx14CJ27GPUghw7VFSB163nJzahrFq2KNQacJXZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGRkVnFiSCOEB6pOOphwFRLrJ+KAR3NNKD/qh0MUVHKu/JxIUSDkMPN2ZbiinvVT8z+vEyj91E8qjWBGOJx/5MYMqhGk6sEcFwYoNNUFYUL0rxLdIIKx0hgUdgj198ixpHlXs40r1qlqsnWdx5MEO2AUlYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpDVnZDPb4A+Mzx/D0Zqa</latexit>

f(x) = f(x+ n) , n 2 Z ⟹ not tame for         
<latexit sha1_base64="37YSsp+TcRSie/XiIZleo1ajA5s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsq9gFNKJPppB06mYSZSbGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+Z+Z0KlYrF41NOE+hEeChYygrWR+rb9hDwmkBdhPQqC7GHWt6tOzZkDrRK3IFUo0OzbX94gJmlEhSYcK9VznUT7GZaaEU5nFS9VNMFkjIe0Z6jAEVV+Nk8+Q2dGGaAwluYJjebq740MR0pNo8BM5gnVspeL/3m9VIfXfsZEkmoqyOJQmHKkY5TXgAZMUqL51BBMJDNZERlhiYk2ZVVMCe7yl1dJ+6LmXtbq9/Vq46aoowwncArn4MIVNOAOmtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/ABbUk1M=</latexit>

x 2 R
But:  gauge the symmetry -            on interval [0,1) ⟹ can now be tame

<latexit sha1_base64="xpWGGCB8UMNYuYhQw+sjDuO8MJc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5l7X6fb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb02N2g==</latexit>

f(x)

➡ Involved:  period integrals are complicated functions (e.g. hypergeom.) 
→  carefully ‘mod out’ monodromy symmetries  

<latexit sha1_base64="PJCCRNBTN5ZkXgQ1WHpmVEvqqaY=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQgITdENSLEPTiMUJekI1hdraTDJl9MDMbiEt+wou/4sWDIl4Fb/6Nk2RBTSxoKKq66e5yQs6kMs0vI7Wyura+kd7MbG3v7O5l9w8aMogEhToNeCBaDpHAmQ91xRSHViiAeA6HpjO8nvrNEQjJAr+mxiF0PNL3WY9RorTUzZ7aI6DYrrL8PYa7uGSHDLNJAV/imk3dQOEfv4C72ZxZNGfAy8RKSA4lqHazn7Yb0MgDX1FOpGxbZqg6MRGKUQ6TjB1JCAkdkj60NfWJB7ITz76a4BOtuLgXCF2+wjP190RMPCnHnqM7PaIGctGbiv957Uj1Ljox88NIgU/ni3oRxyrA04iwywRQxceaECqYvhXTARGEKh1kRodgLb68TBqlonVWLN+Wc5WrJI40OkLHKI8sdI4q6AZVUR1R9ICe0At6NR6NZ+PNeJ+3poxk5hD9gfHxDXqqnII=</latexit>

~⇧(ze2⇡i) = T · ~⇧(z)
<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T <latexit sha1_base64="E1xGj5eVdEhtmqb74UUCeCGz3UA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R8sJkDbOT3mTI7Ow6MyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KEsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTP3mEyrNY1kzowT9iPYlDzmjxkr3tQdJOhIfSa1bLLlldwayTLyMlCBDtVv86vRilkYoDRNU67bnJsYfU2U4EzgpdFKNCWVD2se2pZJGqP3x7OIJObFKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT90mPK2RGjCyhTHF7K2EDqigzNqSCDcFbfHmZNM7K3kX5/O68VLnO4sjDERzDKXhwCRW4hSrUgYGEZ3iFN0c7L8678zFvzTnZzCH8gfP5A5qYkDs=</latexit>

Tn 6= T

<latexit sha1_base64="nrPXwKmAW3dQSb3E5HV1jyvBQ8o="></latexit>

�\G/K‘No global symmetries’:   sufficiently large        in                              [Cecotti]      
<latexit sha1_base64="MEV6blPkL0ytt1vq0Mqk5b4eiNY=">AAACGXicbZDLSgMxFIYzXmu9VV26CRbBhZSklF52RRe6rGAv0A4lk6ZtaDIzJBmhDH0NN76KGxeKuNSVb2OmnYW2/hD4+M85ycnvhYJrg9C3s7a+sbm1ndnJ7u7tHxzmjo5bOogUZU0aiEB1PKKZ4D5rGm4E64SKEekJ1vYm10m9/cCU5oF/b6YhcyUZ+XzIKTHW6udQ3Jtf0lUjz41RASGEMb5MAFfKyEKtVi3i6qx3Q6QkcNbP5eddVnAVcAp5kKrRz332BgGNJPMNFUTrLkahcWOiDKeCzbK9SLOQ0AkZsa5Fn0im3Xi+1AyeW2cAh4Gyxzdw7v6eiInUeio92ymJGevlWmL+V+tGZlh1Y+6HkWE+XTw0jAQ0AUxiggOuGDViaoFQxe2ukI6JItTYMLM2BLz85VVoFQu4XCjdlfL1qzSODDgFZ+ACYFABdXALGqAJKHgEz+AVvDlPzovz7nwsWtecdOYE/JHz9QOzQZxZ</latexit>

�

→  not tame in            :  towers of BPS states of mass                 (not part of EFT)
<latexit sha1_base64="eV2Zfe+2vECg6T92xq/ar7bjSs8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgmkLbSib7aZdutmE3Y1QQ3+DFw+KePUHefPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k7u533mkUrFIPOhpTL0QjwQLGMHaSG716aJ1PihX7JqdAa0SJycVyNEclL/6w4gkIRWacKxUz7Fj7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tLs2Bk6M8oQBZE0JTTK1N8TKQ6Vmoa+6QyxHqtlby7+5/USHdx4KRNxoqkgi0VBwpGO0PxzNGSSEs2nhmAimbkVkTGWmGiTT8mE4Cy/vEralzXnqlZv1SuN2zyOIpzAKVTBgWtowD00wQUCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w+62I39</latexit>

(z,Q)
<latexit sha1_base64="TKEZmlTWluzkuv6Sovtlpka34Xk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpREinosevHYgv3ANpTNdtMu3Wzi7kaoaf+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZmZXVtfSO7mdva3tndy+8fNFQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpDW+mfvORSsVCcadHEXUD3BfMZwRrI7XG98Wns9rpuJsv2CV7BrRMnJQUIEW1m//q9EISB1RowrFSbceOtJtgqRnhdJLrxIpGmAxxn7YNFTigyk1m907QiVF6yA+lKaHRTP09keBAqVHgmc4A64Fa9Kbif1471v6VmzARxZoKMl/kxxzpEE2fRz0mKdF8ZAgmkplbERlgiYk2EeVMCM7iy8ukcV5yLkrlWrlQuU7jyMIRHEMRHLiECtxCFepAgMMzvMKb9WC9WO/Wx7w1Y6Uzh/AH1ucPMN+PbQ==</latexit>

|Z(z,Q)|
However:  quantities like the central charge                                         not     -invariant

<latexit sha1_base64="xOra1flrqf7FD7e/7ECUaWQ39nw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukdVX2rsuVeqVUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPspeM4Q==</latexit>

T
<latexit sha1_base64="VRoE9+NRb3ZTpwW67bTykef8LeU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgtSkFHUjFN0IblqwD2zTMJlO26GTSZiZCDUU3Pgrblwo4tafcOffOG2z0NYDFw7n3Mu993gho1JZ1reRWlhcWl5Jr2bW1jc2t8ztnZoMIoFJFQcsEA0PScIoJ1VFFSONUBDke4zUvcHV2K/fEyFpwG/VMCSOj3qcdilGSkuuuXeXeziuHMELSNrxzUlhBCsuha0ybVPXzFp5awI4T+yEZEGCsmt+tToBjnzCFWZIyqZthcqJkVAUMzLKtCJJQoQHqEeamnLkE+nEkx9G8FArHdgNhC6u4ET9PREjX8qh7+lOH6m+nPXG4n9eM1LdcyemPIwU4Xi6qBsxqAI4DgR2qCBYsaEmCAuqb4W4jwTCSseW0SHYsy/Pk1ohb5/mi5VitnSZxJEG++AA5IANzkAJXIMyqAIMHsEzeAVvxpPxYrwbH9PWlJHM7II/MD5/AFuylXM=</latexit>

Z(z,Q) = eK/2Qi⇧
i

→  relevant to Distance conjecture [TG,Palti,Valenzuela]

→  Talk by Stefano Lanza
Tameness + Distance conjecture = ♡ [TG,Lanza,Li]
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vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4background flux:

scalar potential:

<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

<latexit sha1_base64="YEmg5LrO9dgTaMuT+0eaVkEt+Vo="></latexit>

⇤G4 = G4 →  well-defined set of N=0,1 vacua  
      with (partially) fixed moduli

➡ Type IIB/F-theory flux compactifications  review:  [Graña] [Kachru,Douglas] …

<latexit sha1_base64="ZczkA4g8zk+wq2OWgj49VUBRHIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSKoYJmRQd0IxS50WcE+pFOGTHrbBjOZIckoZejXuPFX3LioiLjzU0wfi2o9EDg551ySe4KYM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZqKEkmhSiMeyUZAFHAmoKqZ5tCIJZAw4FAPHsojv/4IUrFI3Ol+DK2QdAXrMEq0kfz8ZQ1f4rLHhPbTe98deAHrHuJr38XeE7S7gI/HF3yCZ0VDR8EjP1+wi/YYeJ44U1JAU1T8/NBrRzQJQWjKiVJNx451KyVSM8phkPMSBTGhD6QLTUMFCUG10vGaA3xglDbuRNIcofFYnZ1ISahUPwxMMiS6p/56I/E/r5nozkUrZSJONAg6eaiTcKwjPOoMt5kEqnnfEEIlM3/FtEckodo0mzMlOH9Xnie106JzVnRv3ULpalpHFu2hfXSIHHSOSugGVVAVUfSMXtEQvVsv1pv1YX1OohlrOrOLfsH6/gE1lKFS</latexit>

V = C

Z

Y4

�
G4 ^ ⇤G4 �G4 ^G4

�
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→ finitely many minimum loci
scalar potential                 is tame in       

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp
<latexit sha1_base64="KdWXY8Hs58suTSpmG/qNRXAALpc=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAILrRkSullV3Shywr2Amkok+mkHTq5MDMRSshTuPFV3LhQxK24822cpFlo6w8DH/85Z+bM74SMCmma31phbX1jc6u4XdrZ3ds/0A+PeiKIOCZdHLCADxwkCKM+6UoqGRmEnCDPYaTvzK7Tev+BcEED/17OQ2J7aOJTl2IklTXSL+NhdonFJ44dmxXTNCGEFynARt1U0Go1q7CZ3IxqpWSkl7MWJWMVYA5lkKsz0r+G4wBHHvElZkgIC5qhtGPEJcWMJKVhJEiI8AxNiKXQRx4RdpxtlBhnyhkbbsDV8aWRub8nYuQJMfcc1ekhORXLtdT8r2ZF0m3aMfXDSBIfLx5yI2bIwEgzMsaUEyzZXAHCnKpdDTxFHGGpkiypEODyl1ehV63AeqV2Vyu3r/I4iuAEnIJzAEEDtMEt6IAuwOARPINX8KY9aS/au/axaC1o+cwx+CPt8wfckZrA</latexit>

G4➡ fix        :   
[Bakker,TG,Schnell,Tsimerman] ‘21

<latexit sha1_base64="4PVF+6q0R5SJveJUB2VGvmyNz4o=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6MVjBfsB26Vk02wbmk2WJCu0pT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh8G7mt56o0kyKRzNKaBDjvmARI9hYyW+WxxedECs0Pu8WS27FnQOtEi8jJchQ7xa/Oj1J0pgKQzjW2vfcxAQTrAwjnE4LnVTTBJMh7lPfUoFjqoPJ/OQpOrNKD0VS2RIGzdXfExMcaz2KQ9sZYzPQy95M/M/zUxPdBBMmktRQQRaLopQjI9Hsf9RjihLDR5Zgopi9FZEBVpgYm1LBhuAtv7xKmpcV76pSfaiWardZHHk4gVMogwfXUIN7qEMDCEh4hld4c4zz4rw7H4vWnJPNHMMfOJ8/+DGQaQ==</latexit>

V (z, z̄)

vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4background flux:

scalar potential:

<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

<latexit sha1_base64="YEmg5LrO9dgTaMuT+0eaVkEt+Vo="></latexit>

⇤G4 = G4 →  well-defined set of N=0,1 vacua  
      with (partially) fixed moduli

➡ Type IIB/F-theory flux compactifications  review:  [Graña] [Kachru,Douglas] …

<latexit sha1_base64="ZczkA4g8zk+wq2OWgj49VUBRHIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSKoYJmRQd0IxS50WcE+pFOGTHrbBjOZIckoZejXuPFX3LioiLjzU0wfi2o9EDg551ySe4KYM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZqKEkmhSiMeyUZAFHAmoKqZ5tCIJZAw4FAPHsojv/4IUrFI3Ol+DK2QdAXrMEq0kfz8ZQ1f4rLHhPbTe98deAHrHuJr38XeE7S7gI/HF3yCZ0VDR8EjP1+wi/YYeJ44U1JAU1T8/NBrRzQJQWjKiVJNx451KyVSM8phkPMSBTGhD6QLTUMFCUG10vGaA3xglDbuRNIcofFYnZ1ISahUPwxMMiS6p/56I/E/r5nozkUrZSJONAg6eaiTcKwjPOoMt5kEqnnfEEIlM3/FtEckodo0mzMlOH9Xnie106JzVnRv3ULpalpHFu2hfXSIHHSOSugGVVAVUfSMXtEQvVsv1pv1YX1OohlrOrOLfsH6/gE1lKFS</latexit>

V = C

Z

Y4

�
G4 ^ ⇤G4 �G4 ^G4

�
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vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4background flux:

scalar potential:

<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

<latexit sha1_base64="YEmg5LrO9dgTaMuT+0eaVkEt+Vo="></latexit>

⇤G4 = G4 →  well-defined set of N=0,1 vacua  
      with (partially) fixed moduli

➡ Type IIB/F-theory flux compactifications  review:  [Graña] [Kachru,Douglas] …

<latexit sha1_base64="ZczkA4g8zk+wq2OWgj49VUBRHIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSKoYJmRQd0IxS50WcE+pFOGTHrbBjOZIckoZejXuPFX3LioiLjzU0wfi2o9EDg551ySe4KYM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZqKEkmhSiMeyUZAFHAmoKqZ5tCIJZAw4FAPHsojv/4IUrFI3Ol+DK2QdAXrMEq0kfz8ZQ1f4rLHhPbTe98deAHrHuJr38XeE7S7gI/HF3yCZ0VDR8EjP1+wi/YYeJ44U1JAU1T8/NBrRzQJQWjKiVJNx451KyVSM8phkPMSBTGhD6QLTUMFCUG10vGaA3xglDbuRNIcofFYnZ1ISahUPwxMMiS6p/56I/E/r5nozkUrZSJONAg6eaiTcKwjPOoMt5kEqnnfEEIlM3/FtEckodo0mzMlOH9Xnie106JzVnRv3ULpalpHFu2hfXSIHHSOSugGVVAVUfSMXtEQvVsv1pv1YX1OohlrOrOLfsH6/gE1lKFS</latexit>

V = C

Z

Y4

�
G4 ^ ⇤G4 �G4 ^G4

�

➡        as parameter:                          takes value on lattice                      
                                                         → worst thing for tameness

<latexit sha1_base64="B+G/kj9UvVKINuM3OrOlXh1qfuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiBz1WsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//cSNFZF+xEnMfUWHWoSCUcyku36t1C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhtf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqndZrT3UKvWbPI4inMApnIMHV1CHe2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gD9X42P</latexit>

G4
<latexit sha1_base64="T/rTuimC7dPGSgpPYjeJ1RMtzzk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiQV0W3XRZwT60jWEynbRDJ5MwMxFCqL/ixoUibv0Qd/6N0zYLbT0wcDjnXu6Z48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx9dTv/NIhKQRv1VpTNwQDTkNKEZKS55Zbjw41TvPOe2HSI18P7ufnHhmxapZM8BlYuekAnI0PfOrP4hwEhKuMENS9mwrVm6GhKKYkUmpn0gSIzxGQ9LTlKOQSDebhZ/AY60MYBAJ/biCM/X3RoZCKdPQ15PTiHLRm4r/eb1EBZduRnmcKMLx/FCQMKgiOG0CDqggWLFUE4QF1VkhHiGBsNJ9lXQJ9uKXl0n7rGaf15wbp1K/yusogkNwBKrABhegDhqgCVoAgxQ8g1fwZjwZL8a78TEfLRj5Thn8gfH5AyKBk9E=</latexit>

H
4(Y4,Z)

<latexit sha1_base64="9IuCM5tCJbCs4v+SzqPdEku7lrA="></latexit>

G4 2 P
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vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4background flux:

scalar potential:

<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

<latexit sha1_base64="YEmg5LrO9dgTaMuT+0eaVkEt+Vo="></latexit>

⇤G4 = G4 →  well-defined set of N=0,1 vacua  
      with (partially) fixed moduli

➡ Type IIB/F-theory flux compactifications  review:  [Graña] [Kachru,Douglas] …

<latexit sha1_base64="ZczkA4g8zk+wq2OWgj49VUBRHIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSKoYJmRQd0IxS50WcE+pFOGTHrbBjOZIckoZejXuPFX3LioiLjzU0wfi2o9EDg551ySe4KYM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZqKEkmhSiMeyUZAFHAmoKqZ5tCIJZAw4FAPHsojv/4IUrFI3Ol+DK2QdAXrMEq0kfz8ZQ1f4rLHhPbTe98deAHrHuJr38XeE7S7gI/HF3yCZ0VDR8EjP1+wi/YYeJ44U1JAU1T8/NBrRzQJQWjKiVJNx451KyVSM8phkPMSBTGhD6QLTUMFCUG10vGaA3xglDbuRNIcofFYnZ1ISahUPwxMMiS6p/56I/E/r5nozkUrZSJONAg6eaiTcKwjPOoMt5kEqnnfEEIlM3/FtEckodo0mzMlOH9Xnie106JzVnRv3ULpalpHFu2hfXSIHHSOSugGVVAVUfSMXtEQvVsv1pv1YX1OohlrOrOLfsH6/gE1lKFS</latexit>

V = C

Z

Y4

�
G4 ^ ⇤G4 �G4 ^G4

�

➡        as parameter:                          takes value on lattice                      
                                                         → worst thing for tameness

<latexit sha1_base64="B+G/kj9UvVKINuM3OrOlXh1qfuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiBz1WsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//cSNFZF+xEnMfUWHWoSCUcyku36t1C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhtf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqndZrT3UKvWbPI4inMApnIMHV1CHe2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gD9X42P</latexit>

G4
<latexit sha1_base64="T/rTuimC7dPGSgpPYjeJ1RMtzzk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiQV0W3XRZwT60jWEynbRDJ5MwMxFCqL/ixoUibv0Qd/6N0zYLbT0wcDjnXu6Z48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx9dTv/NIhKQRv1VpTNwQDTkNKEZKS55Zbjw41TvPOe2HSI18P7ufnHhmxapZM8BlYuekAnI0PfOrP4hwEhKuMENS9mwrVm6GhKKYkUmpn0gSIzxGQ9LTlKOQSDebhZ/AY60MYBAJ/biCM/X3RoZCKdPQ15PTiHLRm4r/eb1EBZduRnmcKMLx/FCQMKgiOG0CDqggWLFUE4QF1VkhHiGBsNJ9lXQJ9uKXl0n7rGaf15wbp1K/yusogkNwBKrABhegDhqgCVoAgxQ8g1fwZjwZL8a78TEfLRj5Thn8gfH5AyKBk9E=</latexit>

H
4(Y4,Z)

<latexit sha1_base64="9IuCM5tCJbCs4v+SzqPdEku7lrA="></latexit>

G4 2 P

tadpole helps! → finiteness related to compactness of        (gravity)
<latexit sha1_base64="gGdKGzdGMxtzkNZutm0krZiaJKA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFe+iUr2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPj4Y2N</latexit>

Y4
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vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)

<latexit sha1_base64="q7AP43MwTrNo3Je7cxNXhk2ju0M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwy6W7YQMNqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0nnou5d1t2HRq15U8RRhhM4hXPw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8dKo2g</latexit>

G4background flux:

scalar potential:

<latexit sha1_base64="a+8/KPWE9NqI5tn6YsqMvKRDGj0=">AAACCHicbZC7SgNBFIZn4y3G26qlhYNBsAq7EtRGCFpoGcFcJLsss5OTZMjs7DIzq4QlpY2vYmOhiK2PYOfbOLkUmvjDwMd/zuHM+cOEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tl3FqaRQozGPZTMkCjgTUNNMc2gmEkgUcmiE/ctRvXEPUrFY3OpBAn5EuoJ1GCXaWIG97zGhg+wuKA/xVVDG3gO0uzDGcw84D+yiU3LGwvPgTqGIpqoG9pfXjmkagdCUE6VarpNoPyNSM8phWPBSBQmhfdKFlkFBIlB+Nj5kiA+N08adWJonNB67vycyEik1iELTGRHdU7O1kflfrZXqzpmfMZGkGgSdLOqkHOsYj1LBbSaBaj4wQKhk5q+Y9ogkVJvsCiYEd/bkeagfl9yTUvmmXKxcTOPIoz10gI6Qi05RBV2jKqohih7RM3pFb9aT9WK9Wx+T1pw1ndlFf2R9/gBY7ZhG</latexit>Z

Y4

G4 ^G4 = `

<latexit sha1_base64="YEmg5LrO9dgTaMuT+0eaVkEt+Vo="></latexit>

⇤G4 = G4 →  well-defined set of N=0,1 vacua  
      with (partially) fixed moduli

➡ Type IIB/F-theory flux compactifications  review:  [Graña] [Kachru,Douglas] …

<latexit sha1_base64="ZczkA4g8zk+wq2OWgj49VUBRHIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSKoYJmRQd0IxS50WcE+pFOGTHrbBjOZIckoZejXuPFX3LioiLjzU0wfi2o9EDg551ySe4KYM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZqKEkmhSiMeyUZAFHAmoKqZ5tCIJZAw4FAPHsojv/4IUrFI3Ol+DK2QdAXrMEq0kfz8ZQ1f4rLHhPbTe98deAHrHuJr38XeE7S7gI/HF3yCZ0VDR8EjP1+wi/YYeJ44U1JAU1T8/NBrRzQJQWjKiVJNx451KyVSM8phkPMSBTGhD6QLTUMFCUG10vGaA3xglDbuRNIcofFYnZ1ISahUPwxMMiS6p/56I/E/r5nozkUrZSJONAg6eaiTcKwjPOoMt5kEqnnfEEIlM3/FtEckodo0mzMlOH9Xnie106JzVnRv3ULpalpHFu2hfXSIHHSOSugGVVAVUfSMXtEQvVsv1pv1YX1OohlrOrOLfsH6/gE1lKFS</latexit>

V = C

Z

Y4

�
G4 ^ ⇤G4 �G4 ^G4

�

➡        as parameter:                          takes value on lattice                      
                                                         → worst thing for tameness

<latexit sha1_base64="B+G/kj9UvVKINuM3OrOlXh1qfuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiBz1WsB/QhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoZaPEMN5kkYxMJ6CWS6F5EwVK3okNpyqQvB2MbzO//cSNFZF+xEnMfUWHWoSCUcyku36t1C9X3Ko7B1klXk4qkKPRL3/1BhFLFNfIJLW267kx+lNqUDDJZ6VeYnlM2ZgOeTelmipu/en81hk5S5UBCSOTlkYyV39PTKmydqKCtFNRHNllLxP/87oJhtf+VOg4Qa7ZYlGYSIIRyR4nA2E4QzlJCWVGpLcSNqKGMkzjyULwll9eJa2LqndZrT3UKvWbPI4inMApnIMHV1CHe2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gD9X42P</latexit>

G4
<latexit sha1_base64="T/rTuimC7dPGSgpPYjeJ1RMtzzk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiQV0W3XRZwT60jWEynbRDJ5MwMxFCqL/ixoUibv0Qd/6N0zYLbT0wcDjnXu6Z48eMSmVZ30ZhZXVtfaO4Wdra3tndM/cP2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx9dTv/NIhKQRv1VpTNwQDTkNKEZKS55Zbjw41TvPOe2HSI18P7ufnHhmxapZM8BlYuekAnI0PfOrP4hwEhKuMENS9mwrVm6GhKKYkUmpn0gSIzxGQ9LTlKOQSDebhZ/AY60MYBAJ/biCM/X3RoZCKdPQ15PTiHLRm4r/eb1EBZduRnmcKMLx/FCQMKgiOG0CDqggWLFUE4QF1VkhHiGBsNJ9lXQJ9uKXl0n7rGaf15wbp1K/yusogkNwBKrABhegDhqgCVoAgxQ8g1fwZjwZL8a78TEfLRj5Thn8gfH5AyKBk9E=</latexit>

H
4(Y4,Z)

<latexit sha1_base64="9IuCM5tCJbCs4v+SzqPdEku7lrA="></latexit>

G4 2 P

tadpole helps! → finiteness related to compactness of        (gravity)
<latexit sha1_base64="gGdKGzdGMxtzkNZutm0krZiaJKA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrnFe+iUr2rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPj4Y2N</latexit>

Y4
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18

vacuum condition:

<latexit sha1_base64="ApRpu2SQGnUIus1o0+UNm7mkQ0Y=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhVdFt10WcE+tIlhMp22QyeTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHo+kgSRjlpKaoY6UaCoMBnpOOPrzO/80iEpCG/VZOIuAEacjqgGCkteeaBQzlsPNQqd17t1AmQGvl+cp+eeGbZqlpTwEVi56QMcjQ988vphzgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeppyFBDpJtMHUnislT4chEIXV3Cq/p5IUCDlJPB1Z3ainPcy8T+vF6vBpZtQHsWKcDxbNIgZVCHM0oB9KghWbKIJwoLqWyEeIYGw0pmVdAj2/MuLpH1Wtc+r1k2tXL/K4yiCQ3AEKsAGF6AOGqAJWgCDFDyDV/BmPBkvxrvxMWstGPnMPvgD4/MH0vSVRw==</latexit>

2 H
4(Y4,Z)
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➡ tameness (and finiteness) of locus of self-dual fluxes now part  
of general theorem [Bakker,TG,Schnell,Tsimerman] ‘21
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➡ General local QFT (renormalizable/EFT with cutoff)

   -loop amplitude

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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➡ General local QFT (renormalizable/EFT with cutoff)

   -loop amplitude

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
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amplitude is a map:

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
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denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map
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where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams
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where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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we are going to use is based on integrals only including scalars. But it is always
possible to reduce a tensor integral to pure scalar integrals, albeit with di↵erent
powers of the propagators and in di↵erent integer dimensions [4]. We will assume
that this procedure has been carried out and all I`,j are scalar integrals. We refer
the reader to [4] for a more detailed discussion of this reduction.

The physical amplitude is always finite and the divergences cancel separately
at any loop level A`. But a single Feynman diagram I`,i can have an infinite
result. To extract the physical relevant finite piece one expands the Feynman
integrals in a Laurent series around the dimension d+ ✏:

I`,j(p1, ...pn, ✏) =
X

i�imin

✏
i
I
(i)
`,j . (5)

As the final expression for the amplitude is finite and we are only interested in the
amplitude in the dimension d, i.e. the limit ✏ ! 0, the amplitude is expressible
in terms of the coe�cients of this Laurent series. The amplitude is the absolute
square of the Feynman integrals, thus there is an upper limit on the order of
the expansion which will contribute to the finite piece given by imin. Thus the
amplitude can be written as

A` =

Ngraphs,`X

j1=1

Ngraphs,`X

j2=1

iminX

i=0

I
(i)
`,j1

I
(imin�i)
`,j2

. (6)

From now on we will focus on a single object I
(i)
l,j , which we will simply denote

by I to avoid cluttering of the notation. We will see that these integrals are
definable in Ran,exp and therefore also the amplitude.

To see the definability of the individual Feynman integral I we want to obtain
this integral in a geometric setting. Therefore, we associate an auxiliary complex
manifold Ygraph to each Feynman diagram. We denote the complex dimension
of Ygraph by dgraph The details of this construction are rather technical and we
postpone their discussion to section 4. The key point is that Ygraph admits a
moduli spaceMgraph of complex structure deformations, i.e. Ygraph actually should
be thought of as a family of complex manifolds varying over Mgraph. The local
coordinates zi on Mgraph can be explicitly constructed as polynomials of the
momenta p with and masses m. The upshot of this construction is that we
replace the information (p,m) in the `-loop integral with complex variables zi in
a definable way by a definable map

M⇥P ! Mgraph , (p,m) 7! z . (7)

Henceforth we work on the moduli space Mgraph. The Feynman integrals are
lifted to functions on the moduli space Mgraph and given by volumes of cycles
of real dimension dgraph in the auxiliary geometry Ygraph. We will discuss this
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Ygraphthe case of a pure scalar ` loop integral in d dimensions the integral takes the
form

I(p,m) =

Z  LY

r=1

dd
k

i⇡d/2

! 
nY

j=1

1

D
vj
j

!
, (9)

where Dj = p
2
j � m

2
j are the propagators4 of the theory and the vj 2 Z the

exponents of the propagators. In scalar theories one considers vj = 1, but we
keep vj general in order to also be able to treat non-scalar fields. We assume that
in case the amplitude requires to include a tensor structure, e.g. arising from
gauge fields, that a reduction to scalar integrals has been performed. In such
a case d might not be the actual space-time dimension, but a dimension fixed
in the reduction. At each loop level there are only a finite number of Feynman
integrals. The number of relevant integrals can be reduced further by integration
by parts identities to a set of so-called master integrals. It has been shown that the
number of these master integrals is indeed generally finite [14]. To make contact
with the geometric interpretation it is useful to rewrite the integral in di↵erent
representations. A standard trick in the computation of Feynman integrals is
to replace products of propagators with a single sum at the cost of introducing
Schwinger parameters xi. I.e. one uses the identity

nY

j=1

1

D
vj
j

=
� (v)

nQ
j=1

�(vj)

Z

xj�0

dn
x �(1�

nX

j=1

xj)

Qn
j=1 x

vj�1
jPn

j=1 xjDj
(10)

to replace the propagators in (9). Here we have defined the sum of the propagator
exponents v =

Pn
j=1 vj to shorten the expressions. One can then perform the

integrals over the loop momenta and arrives at the following representation [15]:

I =
� (v � `d/2)

nQ
j=1

�(vj)

Z

xj�0

nY

j=1

dxjx
vj�1
j �(1�

nX

j=1

xj)
F

`d/2�v

U (L+1)d/2�v
. (11)

The F = F (x, p,m) and U = U(x, p,m) in this expressions are so-called Symanzik
polynomials, which are homogeneous polynomials of degrees `+1 and ` in the
Schwinger parameters. Their exact form can be determined algorithmically from
the Feynman graph using graph theoretic methods [16]. The details are described
in appendix 7.2

This ratio of polynomials is still not perfectly suited for a geometric interpre-
tation, for which one would prefer to have only a single polynomial. There are
two observations which help with this problem. First, in some cases the repre-
sentation (11) simplifies. `-loop banana integrals have `+1 propagators, thus in

4The propagators are understood with a suitable contour deformation around the poles.
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➡ amplitudes are composed of finitely many Feynman integrals 

loop-level using a finite number of propagators and interaction vertices. We will
not assume that the considered theory is renormalizable, but also include the
cases of having an e↵ective theory valid up to a certain cut-o↵ scale. The key
aspect we want to retain is the presence of finitely many counterterms, which is
either achieved through renormalizability or the treatment of the e↵ective theory
to a certain loop-order.

3.1 Definablity Statement

Let us begin with introducing the precise definablitiy statement. In order to do
that we denote by A`(p,m) the considered physical `-loop Feynman amplitude
with p = (p1, ..., pn) being the n independent momenta of the external states and
m = (m1, ...mp) being the bare masses of of the fields of the theory. Depending
on the dimension d of our theory, it might be necessary to evaluate A`(p,m) with
a renormalization scheme. We will do that using dimensional regularization and
denote by ✏ the parameter labelling the dimension d+ ✏ in which the regularized
amplitude is evaluated. The physical amplitude A` is then obtained in the ✏ ! 0
limit. It should be viewed as a real map and takes values in the interval [0, 1],
i.e. we have a map

A` : M⇥P ! [0, 1] , (3)

where M is the momentum space spanned by p and P is the parameter space
of the considered quantum field theory and is spanned by the masses m and
interaction vertices extracted from L. The main statement of this paper is to
show:

The `-loop amplitude A` as a map M ⇥ P to R is definable in the o-
minimal structure Ran,exp.

We will show this statement in three main steps: (1) introduce a definable struc-
tures on the domain and the target of the amplitude; (2) show that the amplitudes
are given by (mixed) period integrals, and (3) use recent strong theorems proving
the definable of the mixed period map. We will discuss some of the implications
of the definability of amplitudes in section 3.3.

Let us now sketch in more detail how the definability of amplitutes can be
shown. To begin with, note that in perturbative quantum field theory, the `-loop
amplitude A` is split up in the contribution of Feynman diagrams

A` =
���
X

j

I`,j

���
2

j = 1, . . . , Ngraphs,` , (4)

where Ngraphs,` denotes the number of Feynman diagrams at loop-level `. The
integrals I`,j can a priori depend on all fields of the theory. Most of the machinery
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➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  
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➡ Use:  period integrals are tame maps in   
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[Bakker,Mullane] ’22 + [Bakker,Tsimerman] to appear 
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theories arising from string theory 
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⇒   general enough for non-supersymmetric situations  
       → a structure for the real world 
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theories arising from string theory 
⇒   strong finiteness properties 
⇒   general enough for non-supersymmetric situations  
       → a structure for the real world 

➡ Combine other conjectures with Tameness Conjecture:

tameness conjecture + distance conjecture   [TG,Lanza,Li]
tameness conjecture + swampland conjectures ?   [TG,Lanza,van Vliet] in progress 

➡ Much non-trivial evidence: e.g. tameness theorem for self-dual fluxes vacua 
→ proof that vacuum landscape is in
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